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Chapter 1^ 



RiG^D motionI And • coordinates 



;^19ll. -' ^Rigid Motions ' in SU' Elane 

■ Figure B vas. obtained from 
.*Figure A as follows: • • ^ • 

. ■ A. copy of Figure A was mde 
pn a tracing Sheet which wai then 
moved to the position'" where* . 
. Figure B/could "be drawn as. shown. 

- " ' ■ > ""-■-'■A 

Figure B is called an ij^afe T-^ 
of Figure A. Since ^igurei^ B ^i's a ^ 
duplicate of Figure A, the two . 
■\ figures are congi*uent. 

V ■ You recall that arry motion like this in a given plane^ which ..results ' 

-in the /image -being c,ongr\^ent to the original figure is. called a rigid motion 
/ ' ' ^ • ..' • .■ 1 

.in the plane. • \ ' : ^ . • 




f J. 



Exercises 19-13' * 
■ > . * ■ 

('Class Discussion) 



Consider. Figure C and its 
image Figure 'D. ■ Make a, 
tracing of Figute C ^nd 
move the. tracing sheet 
..to the position \{here the 
tracing- coincides with 
Figure. D. Did you have •' 
any dif f i^tilty?' 





From^this example we -^ee^haf for some rigid motions^ the image 



of a figure. i| .oblj^ned' by tu^jaing over the tracing sheet. , * 



Copy the picture" "below. 




In a * rigid .motion of^triangle -ABC, the image of A is. A* and'the 
image of ' • B is B* as shown above. There are "two possible locations 
for th^ -image.' of C, which can be found as follows: 

(a) . a' oopy of A ABC on a tracing sheet. Move the tracing 

■ sheex without flipping it over so that A and ^ coincide 

nespectively with 'A*- and B*. How is C* the image of C 

•determined? V/hy must - A ABC and A A»B»C*- *t)e corrgruent? 

■ , " ■ ^ 
^ • Draw ■ A;>A»B»C» the' image of A ABC. . ' , 



(b) Now flip the tracing sho^t over so that A and B coincide 
respectively with AV and B*; . ma«^k the location of C" the 
;image of C for this motion. ..Draw A A*B*C"- • which is another 
■ i^rmge ot' A ABC. ■ 

.From this example, we see that for some rigid motions, it id 
necessary' to show the images of at least three non- colli near* 
pointG before*the rigid motion is determined. 

Given a rigi^ mcA:i6n which when applied -^o ^BC ./result^s in 1^e 
image A A»B»C'. ' \^ \ 



(a) Make a tracing 'of- • A ABfc and points P. and^ Move the 

tracing sheet so that the copy of A A^C coincides with' 
A A»B»C*. Was it. necessary to" flip over the tracing sheet? 
Notice' that the same movement af the trarcing sheet which. brings 
the copy of A ABC to 'coincide vi^h A A^BK\- also brings the ' 
copy of point P to point ' P». .This means that for this rigid 
motion, P» i^-' the image of^ P. ' ; . 

'(b) Mark, the location of, the image of Q ^for the given. rigid ^ 

motion. . - ■• . 

(c) I^rk a point that lies on A ABC. and find its image . for 
this rigid motion. Does . R* . lie on A A»B»G*? 

('d) Mark, any point -S. Nov apply the given rigid motion^o. S .and 
show the resulting' image, S' . This example shows .that>a rigid 
• motion in a plane .determined, by a. triangle and its image applies 
' to all points and figures in the plane of the given triangle as- 
well. 

Now study the drawj^ng- for Exercise 3 above and compare some distances 
for- the given rigid motion. 

(a) Does the dis.tance PP* equal the distance QQ*?' 'Are the ' ' _ 



.distances ' ^B', and CC the same? V/hat is your con^ 

elusion? For any. given rigid' motion are the' distances between ■ 

ipoints and tteir images necessarily the same? 
I 

(b) Now check 'the distances PQ and P'Q'. " Are they the -same? 
. ' Actual],y you would know in advance that these distances are the 
same" because PQ and fTqJ must be cpngruent. Why must they 
'.be' congruent? Does PA equal P»A» and PB '''•equal P'B^'? 
/ ■ Does QP equal Q»C»? Check the distances between other pairs'* 
of -points and between their ■ c.orrespof^ing images. 

Given: 'a rigid motion determined by A 'ABC* and its image A A'B'G'/ 

■ , - * ■ If 



.point P',^ the image' of P, can be found without usirig a -tracing 
sheet as follows: " ■ ^ 

With AP as -radius and A' • ^s center, draw. an arc as shown above. 
. * V With CP a| radiusJLnd C as center, 'draw another arc inter- 
secting the' first arc. . . ■ 
Explain Why' the intersection of the arcs i*s the image point P'. 



■ From the exercises above we see that "if, the' itnages -of three .non- 
C^llinear points are known for any rigid motion, then the image of any other 
point in the plane can be found f\--the same rigid motion. ■ ■ . _ 

■ - _ ' Exercis.4g 19-lb . . ■ • • ^ 

Note: (For the following exercises, make a. copy, of the di.agrams when'- , . , 
necessary and- do the work on yonT paper instead of in th£ text.) ' y. 



1. 



For each rigid^motion in which Figure II is^ the image of Figure I, j^ell 

'.whether-or not it v<as necessary- to flip over fee tracing sheet to .' ' 
obtain the image. , , .. ■ 

•(a)" 





•I 





I 



For ail the "rigid motions in which A»< is the image of A, what, ^re 
the possible positions for B!, the unage of , B - in the plane? 



• / 

A 



For all the rigid motions jxn which - A' is the image of A and B' 
is the image of . what are the poss^iBle positions for C^J , . the 
image of C in thfe plane? , ■ , 1 , 



•c 



a' 



For- all the tigid motions in which 'A»', . ,BS. and CV are respectively 
the images^ of A, -B, and C / what, are the possible positions of 
D', th~e. image of D in the -plane?. * ' \''. / / 



Given: A rigid motion determined by A ABC and its image A A*B'C*« 
• aC 





(a) Find the images of Q'V and' R. . 

) (b) Find the point S 'whose image is S* . " ' ^ 

6. • 'Given: A rigid motion determined by A ABC and its image.; A A*B*C* 





B C 




.Find the image of Figure I and of Figure II. . " 

Given: A rigid motion determined by points A, B, and- C and their 
imges A* , B'* / and -C* . ' » 



c • 



. B 



J 



O 



A . 



A • 



Without using a tracing sheet, 

(a) fi^d the images of P, Q,. R, and S; 

(b) find the point T whose image is . 



lO 
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8. ^ Explain why points 'A, B, C and their images AS B^,. C»- do not 
determine a rigid motion. ' ■ . 




B 



•A' 



9. In a rigid. motion determined below bi? A, , B, C and: A» , B» , C , 

find the images of fT, Q^-^ and ; R. ' V • c' 



A. 



•A ■ 



1 ' 



•o 



Which 'Of the points is fixed in this rigid motion^ 



19-2. Properties "of Rip;id Motion _ 

In 'this study of ijiotion, v;e are not interested in the paths but only 
in the- results of motions .'. vmen a motion is applied to a I'igure the result 
is an image, and if the image and figure are congruent, then -the motion is. a 
rigid motion. ■-. • 



The use of a tracing ■ sheet helps to show that a rigid motion not only 

• assigns -a particular image to a particular figure but also aVsigns t?!*each . 

point -in the plane. a unique image point in the plane. 

This assignment of unique images to points is called a -^^ction or a 

mapping . > T f ■ A- and B are any points in a plane, and A»^ and B» are 

'their images for a given rigid 

^ 'pI ' ° •• , motion, then the distances AB 

^ . , and A»B' are equal. 



This .is v?iat we mean 4rhen ve. say that .a^'rigid motion p^serves distances . 



Defir^tion.^^'A rigid it!btion is a function or. a mapping of 
a plane'onto itself which preserves .distances. ^ . * , ■ 

Ve-shall use 'the^ notation, A ~> A« , to^indicat^ that AV ■ is the image oX* A . 

The.' rigid raQtion shown £n gxercis^ 9 in ^the previous section ha'^ a ^. • 
-fixed- point.* Jn other words, point. Q and it^[^^iraage Q»- 'are the same point; 
We say. that this 'point i&. invariant for the rigid motion. Invariant points- 
will i)lay an important part'^in- our study of ragid motions . * " . * . 

■ * * E:$ercises 19-2^ ^ - . ■ v 



^^lass Disrcussion) 



*-l " ' 1- ■ 

a.. Since a rigid motion has been defined as a function, a point cannot 

'y ^ " be assigned two different images. There is also another season why 

a point gannot have two distinct images in a rigid- motion^. 

^ . Let's suppose that A and B are . 

a' the same point but' **A' and B' are 

' " , Different images in a rigid, motion. 

■ . <. ■ ■ ■ ' ii 

■ Are ^ the distances AB anci A'B' the 

AR • ' 

' ■ .B' same.? — Mhy^ Then what vContradiction 

? ■\ ■ ' . ■ . / 

- ) has been' reached? ■ 

■ ^ ' .c- ■ ■ - . 

2. " . In a. rigid motion pan two different points have the same image? 

- . ' Let's suppose that A and B are 

^ ^ \ ■ ■ . different points but their images 

; A',B ' A' and B* '^re the same point' in a 

rigid motion. S.how that- -this leads " 

to a contradiction. 



B.- 



^ We have already seen that in a rigid ^o^ion, each* point is"" assigned . 

«an image point which jnay or may not b©. the point itself . Now let's 
turn it around. Is-^each point in the planfe the image' of .some point? 
' In the rigid motion determined on the fold-Owing page, by:A,.B, C and 
^ y A*, B*, C* , let be any point" on the plane. We shall- find the .point 
P <;hich has- P' as. its image as*follows. 



8 • 

r 



\ 



p' 



B' 



{ 



(a) Make a tracing of points 

■ A, B, and C, . and . ■ . ^ . 
= move the sheet so that a' 
• the tracing coincides 
With ±h^/ image points 
^• , • A*^' , and . 
^. Is it necessary to 
flip over- the tracing 
sheets, J ' 

(b) Mark point 'P»". ''while the -tj^acing coincides with points 
^t^ C*. Nov shov'hov you would, find point /P. ^ .. 

This example illustrates the" fact that for a rigdJotion each . 
point' in the . plane is the image of some point and the result is - " 
a one-to-one correspondence of the points in the plane. 

What is the image of a line in a rigid motion? Suppose that ve are-. ^ 
" given a line": X with two points A and^ B on X and their images 

A» and B* " i^ a rigid motion. , . " 

(a) Let be the line 

determined by A* an^ 
B'. We must prove that 
i » is* the image of X. 
Let C be any point 
on X between - A' and 
E. What" must we prove 
. about C» , the image 




and B , then AB = AC + BC . 
V/hy? Then is .on i * ' 



of C? 

(b) Since C is -on ' X ' between A 

Therefore A'B? = A»C» + B»C». 

between A* . and B* . 
(c.) There are two other cases, for the location of point; C on X. • 
.. One. possibility is that C may be chosen so that B is between 

A and.C. What is the other possibility for chooajng C? 

Prove that in both cases lies on X- » 



(d) 'Then X» is the image of X. 



vmy? 



o 
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Given: The line ^ and the'rigi^ motion determined- by A, -C 
and ' A', .B» , |C«. , ' '' . ' . 

(a) Find the image^ of . , . ^/ ^ ■ . 

points P and Q on - * ^ . • ^ ■ 

i'. 

.(b) 



8 




Choose any other point ' ^ 
R- on Z and find its 
image- .Since the image y * • 
, of any pc5lnt on- 2 > " • ' 

also lies on . 

J- 

then £ vs its own 
image. In -other words, 
line £ is. invariant ""^^ 
for this rigid motion. * • ' " • ■ . 

Note .that « although £ is invariant for this rigid motion, the 
points on £' are not invariant- Explain this- 

In the rigid motion determined below, l^y B, C. and A*, B', C 

B.b' ' . each of. the points A, 33>. and 

, is its own image- Let' P be 
. any other point in the plane, r 
Find the'image of point P, 



P- 



C.C 



A. A 



Since in this case each point in the plane is a fixed point, you may 
wonder if we should call this a motion. We shall find it useful to 
call this function a rigid merrrion and we shall -give it the special 
name identity- motion - 



Exercises 19-2b ■ 

Use the definiti^li of a ri'gid motion and the fact that the Image of 
a line, is a lineVlio prove the following for any- rigid raotion- 



(a) The image g/ segment AB is a congruent segment 'A'B*^« 

(b) The imagqf of / ray AB is a ray A»B» • 

Use Exercise 1 to prove that for any rigid motion the image of a 
triangle "ABC is the congruent triangle A*B'C* • 




5- 




^se Exercise 2 to prove that the image of an' angle ABC 
. congruent , angle A^B^ffS. 
■prove that ::bhe itnage of a circle is a circle for any rigid motion. ^ 
\ Use th^ def irtU^ion -of a rigid motion. . • ^ 

•Given: A iVne -X and a^rigid motion determined by A ABC . and-.its 
itnage A S^B»C» 

Copy this drawing and find for- 
this rigid motion: 

.^(a) the image of A A»B*C» ; 

(b) the triangle whose itnage 
is A ABC ; 

(c) the image, of line i. 

Given: A rigid motion determined by. A ABC and its .image A A»B«C» , 
and the rectangle as indicated. 
Copy- this drawing and 
■find for this rigid 
motion: 

(a) - the itnage of A A»B»C' ; 

(b) ■ the triangle whose image 
is A ABC ; " 



(c) the itnage of the rectangle; ^ ' , ■ C,C 

(d) the rectangle whose itnage is the rectangle shown.. 

Given: A point P . Show a rigid motion with .jViree non-collincar 

points and their images in ' , . 

which' P is a, fixed point, ; ^ . ' ' ' 

Can you think of more than . , • , '-P 

one? ' 

Given: A line -2. . Show 
■ a rigid motion with three 
non--COllinear points ana > 
their itnages in which line 
2, is invariant. Can you * 
think of more than one? 
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9. 



10. 



List" the properties of rigid "motions that have "been developed in the 
exercises in this ' section. ' . » • 

.Given: Line ^^^ and a rigi^ motion vhic'tf leaves points^ A and 
fixed. 



Prove that every point on line £ ^ fixed fey: this rigid motion. 
\ 



19- 3 . ■ Translations ■ 

You have already studied some different kinds of rig,id motions known 
as Slides, turns, and flips. These special motions-are impor tant be cause they 
can be used singly \>r in combitotion to describe any rigid motJSfiT' . ; 



_: In this' section we sljall take' a close look ^\ the rigid motions which 

were introduced to. you earlier as -slides. The rigid motion' shown beloW by 
A ABC and its imarge A A«B''C'» is an example. ^ 




• A' 



The dotted lines connecting points A, B, ', C with 'their images 
'A' B», C» show. an. important pattern. The distances ^ AA«, . BB« , and CC» 



are eaual, and^-^he-direct ions . from the points to. their corresponding linages 
are !the same, " " • ^ 

• ^Nov use ^ -tracing sheet and ff nd^ t^e image ^ P» ^ of poinrj^--^^^^^^^ thi^ 
rigid libtion, Sh^' that' the distance PP4 and the direction from to 
P« are th^ same as for the .pointfe Ay B, 'q- and tl^ir images," Notice 
ttet in moving the tracing sheet you do not fl^p;^ it over, ' 

. 'The :^yjJical movement of ' the tracing of. A ABC^ .<tp the p9sition of" . . 
A A'B'C* . is' called a slide . However, fVie one^to-pne eirrespond'ence o'f 
po^lnts of/the plane and their' images r^sulting^ from this motion is ca|ll^|i 

\ • , ' ' ' / ' ■ ■ • ^: 

a trane lation . ' V ' ■ • ^ 

' , V ' ~ ' ^ ■ ^ ' 

* ' Def inition > ^ A translation is a" rigid motion in, which th^ ' ^ 

distances between the J)0in1:s and their images are equal and ^ . 
' ' t'he directions f f om. the-points' to their . imagers are" the-samo. 

• Since in any- particular 'translation the distanced and directions , 
from 'the points to their i-raages are the same for all points, we can determine 
that -particular translation from a single point and its image," ■ • 

■ ' " ' We find: it convenient "to designate 

* a translation with an arrow, ^ The i 

^ength of. the'arrow fixes the distance 
"between each point and its image. 
The arrow -show^ the direction- from 
each point. to its images . 

Be sure not to contuse an arrow with a ray. A. ray has direction but 
no length because a ray has no- ending, " . ■ 

-. ■ . . ^ ■ Arrows that have the same length 

and the same direction designate the 
same translation. Therefore each 
arro.^*shown at the left determines 
the same translation- - ^ ■ 

The special case where the distance between each point and Its image . 
' is zero can be tHought c3f as a translation shown by an arrow o* zero length. 

■ Therefore we can consider the identity motion as a translation. 




Exercises 19" 3a 
(Plass Discussion)' 



Given: jf translation detefnnined by the ari'(^}^ shown. Copy ..(he -drawing 





and . apply the transition to.'point P. ^ 
You'^an finxi ii^a image P* by ckriying 
out .t,he .follo:w«ng steps? 



a)'. Draw a liae through ..P^^i^Vallipl 



to the arrow,: 7 • • ^ ' 

(b) Nov explain how you would find . 
P* on the" l:^e you- drew. ^ 



Given:- !a rigid motion \x\ which/the distances andi directions from ^ 

■ '5 I * • . •;points P and - Q to tt^qir images . , 

and Qi' are" tlie sa-me.^^o show 

that this rigid^motion is .{lot 

necasearily a trans lati 01:1; ' 
/■ J . ■ jT^^^ 

. (a)' . I^rk. points -P, R 'Wfi a 



R • 



\ 

P. 




tracing^keet. Flip the .sheet" 
■over>5^^^?^place the ma2;'ks for 
P ^■a:^'G|> on P' "and ^» . 
NoW markVl^e location of R*, 
the image of ' Does ^he 

^Q' ?' Is this ri§;Ld mption a . 



distance RR* equal PP» J^r 
trarlfilation? 'Ej-rp^ain your ansve^. 

(b) Nov us^ the tracing sheet again to find R» but thi^ H^ime do not 
flip over the i/racing -siieet. ' Doe^ ^ RR» .^equal PP' or 



« ■ Is -Ai'is rigid motion -a trans.].ation? . Explain your answer.^ 

This exan^e shows how important it is that the tracfing sheet not 
^ ■ be turned over when used /j^r translations. 

Given - ""^^^^-anslat ion ' shown by the arrow. - Cc?^ th^lrawi^ng and find ■ 

the image of the. polygon as follows: 

(a) Mark^the t^l point A of the 
arrdw and the vertices .of the. 
polygon .on a tracing i^eet. WiJ^h 
a straightedge draw a tracing o'f 
AB" so that it coveVs tTie arrow 




lli 



and. extends as shown by the. dotted line. - ^^-"^ ^ V 

(b) Slide the tracing sheet so that 'tl^jjia^ for A ** coincid^s^^i^h- 
B- , and the tra^ng^f' AB ,covers^<the arrow, AB^ .serves^as a- 



guide**5:ine,' Mark^the location ^of the image^ .vertices ori ycAir 



original paper and. draw the iniage polygon. 



(c)'/w}iy is it necessary to <^aw' an exten(isfi.-feracring of jthe-*Jfine . AB?y 



(d) Desc^iAse-'ailother way' of finding the itiiafee of tfie polygon'without 



using a tracing sheet. 
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Exercj^s^g-^^ 



( jTote : \Jher\ necessary, mke copies of tfi^e B'rawii^s,) 

For a given translation, the in^ge of point A is ^ A*.^ We indicate 
/. . * c ^ ■ this re'l^lti^onship .thufi\ A A-* 



B 



B and C 



\ 



(a) Find the images 

• ■ . 

(b) Find" the points which have B 

and C as images , /• . 




For the- translation shown by tl;ie q.rrow 

> / . ■ . 

(a) Find the image of polygon P. 

J ■ V '^^ 

Xb) Find the/polygon which has as 
• image polygon P. 

V 

Find the. image- of .line ^J^ for the translation del ined by 

(a) ■ arrow a 

(b) arrow b * . ' ' 

(c) arrow c 

( d ) arrow *d ' *^ 

( e) arrow g / 
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Drav an arrov for a trapslamon in .wh±6h the image^f line i is - • 

^ ' r (a) t'he line ^ itseW.' 

r^ty * \ ' : • ' • \ (b) a' line i>arallel to, i. ^ ^ < 

* . / • \ ■'.^ ' " (.^)^ a line ^^hanj^'i^ters^ctC^^ in.. < , 

^' ^w/"" / \ ' • exactly one, point. ' ^ ^ 

j.'. Dr^^dn ^rrov for the' tranq^i^ion in vhich ^ . * . . , ^ 

-(a) s^Figure B" ic "the -itnage of "Figure A.^ 



(rb) Figure A Is ttye image of Figure B. 

5. a^la'm vh^the ri^ motion defir^by^A ABC and its. image A A»B'C' 

is not a translai^ion. " ' ■ 







For which pairs of figures is there a translatioji dn vhicff the second- 
figure is .the imag^of t'he first? ■ If there is, show the trahslation ^ 
with an arrov. ■ ^ ■ ^ 

(a) ' . (^) ^ ^ 




(c) 





(d) 



(e) 



(f) 




aJ La 



./. 



V 
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8. 



Is there' a. translation other than the identity motion in which there 



is 



- (^J a fixed- point? 
, (b) /a fixed segment? 
'(c). a fixed line? 



10* 



(b) 
(c) 



/ 



(A) 



c|^rcle^ 



Fdr any non-identity ' translal^ion, describe in words and draw a figure 
to illustrate the image .of . ■. ■ * 

(a') \ a line 

' a segment 

a ray ' 



(e)' an angle 




"{a) Show witl^an arrow a translation 
. ■ ^ ifl which the image of the circle . 
is tangent to line *i« 

(b) Indicate two other translations 
in' which the imafee of the circle 
is tangent to .line 

'(c) Indicate two translations in which 
fTie image of i " is tangent to the 
V ci:;^cle,. 



\ 



4 . 
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19- 14- . TranslationC^anJ (Coordinates 

In this- section we shal'i^see 
descrlfed by^using a ..coordinate system 



In this- section we shal'i^see hov a transiatioiyrcan Be ■ conveni^gntly 

St--"*.' 

'■••'•-r Tlie'^ri'0-^,.shoi>m at the left 
dSfines^ a tr^J^latlon. .• The" tail poinf 
A is'^at' ^i(2y3) and the arrowhead 
point A\' >s at (6,9). 



it'' 







Y 






















— 1 
















A' 




















V 








—a 

/ 










0 
























t 
P 
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B 
































— 


















P 














X 




0 



















































































A point P. h£ts been located at" 

Using a tracijig sheet, the image 
P» Of P IS found to be at (9,7) " 
""for this translation. 



There is a way of finding the imge P* of P without using a 
tracing sheet, by • taking advantage Qf the coordinate system, 

» Notice below that the caiordinates of A*. (6,9) ^an be found by 



A(2,3) ->:a»(2 + ^, 3 + 6) 



P (5,1) ->'P»(5 + 1 + 6) 



B(8,3) -> B»(8 + 3 + 6) 



adding k to the first coordinate 

of .A and by adding 6 ^o the second 

coordinate of 'A. 

This same method may be use.d to 
find the coordinates of /P* (9,7.) as 
is shown at the left, 6 

Using this method'to find the 
image of B(8,3), the res^t is ' 
B*(l2,9) as shown'^sct the -left. 



If B* is -.plotted on the graph above,' its location can be verified 
by using a tracing sheet. ; . ^ . - ^' 

In general for this translation the image of any point . (x,y) is 
the point ( x + y' .+ 6) . . ■ 

If we call, this translation 1^, we can describe the translation as^ 
a functio^thus: ■ . ' . " . 

. ^ t : . (x.y) (x + y '+,6). 

In a coordinate system, then, a translation can be compactly described 
as a function, as above. ' • . . 

18 - ' . ■ ' 
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■ . ■ ■ Exercises 19-Ua * . 

(Class Discussion) , _ . 

A translation g is defined bythe following function: ' . / 

g : (x/y) (x - 2, _y + l), ^ . ■■ 

(a) For any given pointy state in words how the coordinates of its 
' image are found. 

(b) Find the images of the following paints! for this translation* ' 
; A.{h,3) ; B(0,-1) C (0,0) • D(2,l) 

(c) ' Using a coordinate system^ "^^w an arrow which' defines the 

' • • * ' -» 

translation g- * • . ^ • 

• * ' ■ * 

(d) Tlie image of point E is E*(.1^3). Find the coordinates of 

s point E- ' 

2,. 'The. image of P(-2^2) is P* (l^-2), for a translation t as shown 

by the arrow. 

The coordinates of PV ' can be 
obtained from the coordinates of P 
as follows; 

P(-2,2) -^P'(-2 + 3, 2 - 1+). . 

(a) State in words^ how the 

coordinates of P' can be 
found from' the cdordir 
■ of p. 




L nates 



- (b) Now. write the function for 
this translation t. . 
• t : = (x,y). ^ ? •• 

(c) For this" translation, find the images for the following points. 

A(7,3.). B(-.i.,-M. .C(-3,J0. . B(0,0). 
A. translation "h .Is defined by the following function: 

■ . ^ ' (x,y) (x .+ h,y). ■ , 

(a^) Show that the image of A(2^3) is A»(6^3).. 
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(b)^ Using a. coordina'te system^ plot the following points and show 
■ ; " ; their images,, for this translation. ; ■ ' 

' !■ ;; B(-?,-^) ' c(-^u) -0(1,-3) ■ ■ V • 

*c) i Explairi- how translation h may-be described as a translation | 
h. units to the right. 



^ i ■ Exercises 19-'^-h 

. AHranslation t is defined by the following functi>)n: 
. t : (x,y) (x - 3, y + 2). .• 
''^ind the images of the following points under t. J 

A(5,-M B(2,-2) 0(0,0) D(3,-2) E(-2,-3) 

■ (Find the images of the following points in the. plane under_±he > . 
translations described by the functions. 

(a) (3,-2) by f : (x,y) - (x - 2, y + 3) ■ 

(b) (0,0) by g : (x,y) (x + 5, y - '+■) 
.'■ (c) .(-2,-1+). by h : (x,y) f-* (x - 1, y + l) 

(d) (-5,1)' by j r (x,y) -^(x + 2,.y -3) 

(e) (6,-2). by k : (x,y) -^.(x., y + l) ' ' ^ 

-.^ translation ■ s is-given as the following function: 

. ■ #■ ■ 

(x,y) (x + 1+, y - 5). 



S 



Find points A, B, C; D, and E who^e 'images, are *s ..follows,, 

A'(3,2) B'(-l,-l) 0(0,0) ■ D'(i+,-5) ^ E'(-2,l) 

In each case, a point and its image under a translation are given. 
Find. the function that describes the translation. 





Point 


Image 


(a) 


■A(1,5)"' ' 


. A'(3,6) 


(b) 


.B(l+,2). ■ 


,B'(3,'+) 


(c) 


o(-i,o) ■ 


. CM2,5) 


(d) 


D(3,2) 


D'(o,q) 


(e) 


■ e(o,-i+) 


EM2,-1) 
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• Point Imapie J 

^ . ■ • ■ 

(f) , F(2,3) ■ F'(2,-3) 

(g) ; G(5A) • .'oHf>,h) ^ 



V 



For each' of the following points, ' ■ , , . - , - • 

A(3,5) ., B(.4,2). ■ C(.5;-3) ■ .,D(l+,-5)-. 
•find the image for a translation of 
(a) 3 ■ units to the right, • ^ 

.(b)" 2 units upward, . ' - . . . 

(qO^U units to the left, ■ 
(d) 3 'Units downward. '■ . ■ 

■ "I- .■ ■• ' : ■ 

Plot the following points and draw -A RST- • • 

R(-^,-3) • S(3,-l) • T(-l,^)- 

(a) JDraw . A R'S»T» if A RST is translated 2 units downward. 

(b) Write., the function that describes the translation. 
Write the function that d^scrib^s^he translation. 



(a) 


7 


units to the right 




(b) 


3 


units down-. 




(c) 


k , 


. .units to -the .left 




(d) 


5 


units up 




(e) 


1 


unit to the right arid 


2 units down 


(f) 


8 


units to the left and 


1/ unit up . 


(g) 


2 


units to the left and 


^4- units down 


Let 


t 


be. the translation 2 


units to the right. 






■ . t ; Cx,y) 


-> (x + 2, y)' 


Let 


u 


be the translation 3 


units' upward. 






^ : (x,y) 


y + 3) ■ . ■ " ' 


^Let 


V 


be the translation 2 


units to the right and 



(a) ' Find theT^ge A» of A(^,-2) for , the translation t^. 

(b) Find -the image A» * . of- A' for the translation u. 

(c) Now find thJ' image of A(^,-'^) for th^ytranslat ion v. 

(d) What conclusion can you draw? 
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19-5 • Reflections 




The image A»B»C» of A ABC 
was obtained as follows. • , . 

A copy 'of A ABC and line *i 

was. "made on a- tracing»«sh.eet; The 

tracing sheet was' flij)ped over and' ^ 

^ placed so that the co:^y ,of l^i;e 'i 

■ coir^cided with -the original; line £ 

and with p6ints ' M and N' on Z 

fixed i . • ■\ 

" ^ ^ ^ ' " 

A 'A'B^' . was 'drawn frem the 

* new f)dsition of the copy of A ABC.. 



P 



and 



The motion of . the copy of AABC has been identified earlier Jn 
IS a'flip and line i has-been ^called the , .flip axis . 

» " ■ ■ ■ _ " — * 

In the- drawing- above, think of the segments AA»,, BBS and CC* 

Line i is the perpendicular bisector' of ■ each of these 'segments . - Why?.- 

Now use a tracing 'sheet ancj find', the images^' and"^ Q» of points, P 

* - . *■ ♦ ' \ .III, 

Q for this motion. Is the perpendicular bisector of PP* ' and QQ*?" 

Imagine, now a .mirror placed upright perpendicular tp the plane of the 
paper, along line i facing A ABC . \ If you look into -the mirror from the ' . 
left you gill see A A^B^C* as a reflection .of . A ABC. Point ■ A» . then is. 
the ^flection of point A. This, is why we call the one-to-one correspondenc 
of points, and their images resulting from this motion, a reflection . 

Definition . A reflection in a given line Z is a.. rigid motion- 
■. in which, for any -pbint P not on, Z and its Image P* / / 

: Z the perpendicular bisector of PP* • 1^" ? on 1? ■ 
« then P is invariant (P* = P) • ■ - ' . ' / ' 
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■ Exercises 19"^a 
' (Class Discussion) . ' * 

Copy the dpving of A ABC and line'^C. 

. ' (a) • Using only a ruler and ' 
compass/ construct a line 
- ,' ■ through ■ A perpendicular- 
to ' i- arfti intersecting ^ 
*. . at P. Locate A* ' on 
^ ■ ■' • AP- such that' AP = A'P. 

. ('b) Do the sam^^to locate 

and B» an^ draw A A»B»C*. 

■ (c) MJ^e a tracing sheet to show 
that A A'B'C^. ' is the flip 
. -. ^ ■> image of^ A ,ABC. 

■ (d) ■ Explain, why A A»B»C» is 

the ?.mage of A ABC . for the 
^ ■ ^ -reflection in .e. ' (Use- the 

definition of a reflection) 

is the image of A ABC for the reflection in Copy 
* ■ this drawing. . 




^ A A»B»C» 




r 

J 



Q 




ta) Find the images P' and 
Q* of- points P 'and Q. 
Now find the images of P' \- 
and . What is .^the image; 
of A A'B'C? In general, 
. for a reflection in * yhat 
is the image of the image^ of 
a point?. For a reflection ' 
-in ^s "Will a p'oinf and its 
image always be on' ot)posite 
sides of the line 1-1 



.3. 



{hi Fold your drawing along line i and describe t^^position of 

A ABC and' A A»B»C«. Do the points P and Q coincide with 

» 

their imges P* and Q»? ■ ^ ■ 

(c) For A ABC, the trip from A to B to C is inr a clockwise . 
direction. In other words, the sense or orientation .of .A ABC 
is clockwise. What' is the sense or orientation of A A'B*C*? 
This suggests tViat for a reflection in the orientation in a 

plane of a figure not on Z is the opposite of -the orientation . 
of its image. , * , ' 

.Copy the closed figure and line Z as shown. Select two points A 
and -3 tha,t lie on the figure and find the images of these points 
for the reflecti<^n in . 

(a) Do A* and B* lie on the 
figure? • . ' 

(b) ' For any point P on this " . 
• * ■ ■ 

figure, where will P*- lie? 

(c) Fold your drawing along 
line Z and describe the 

■ -Hi! 

result. 

(d) What is the image of this 
figure for the reflection . 

. \ . ' 'in £?■ 

Since this figure is invariant for the reflection in Z, line' is 
called an axis , of syimnetry for the figure. A figure is said to be 
symmetric if it has at* least one axis of symmetry. 

Copy 'the triangle, A ABC, and point 0 shown below., 

(a) Draw the line throiagh po4.nts 
A and 0, and locate A* 
on the line so that A»0 = AO 

. as shown. . . 

. Point A' is said to be 
• the image' of point A for 
■the reflection in point 0. 

(b) Find the linage B* of point 
B by drawing the line BO 
and locate B* ^ on BO so 
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•that 0 is tile' midpoint of 'the segment BB* . 

(c) ' Find. C» in the same vay A» and ■ B* were found. 

(d) - Draw ,A A'B»C», the image of ^ A ABC for the reflection in 

point 0. . " . . 



Definition , A reflection ii{ a given point 0 ' i s a rigid 
motion in which for any point P and its image P*-, 0 is 
the midpoint of PP». ^ Point 0 is invariant for this 
reflection- v ' . • 



^ Exercises 12l5^' \ 
(Note': When necessaiy, copy the drawings and do the work on your 
• drawings, ) , . ^ : 

Find the images of points , A,' B,- , and C for the reflection in i 




Find the images of the segments AB, CD, JeF, and ■ GH" for the 



reflection in 



Find the linages of figures A,. B, C,' and D for the reflection 
• in ■ '. 








(a) Reflect the circle in the line £ 
and mark points A*/ B* , C* 

on the image of the circle, 

(b) On the circle, the trip from 
"A to B to C is clockwise, 

On the image circle, what . 
• direction is the trip from A* 
to ■ B» to, C»? ^ - 



(a) Draw ^ line m different from 

i which is 'invariant for the 
reflection in ^ 

(b) Describe all the lines which are 
invariant for the reflection in 



A line m is parallel to. a reflecting line i. Describe the image 
m* of line m- for the reflection In '2. 

Points A, B, C are collinear. Show that their, images A*, B*., .and 
C* are collinear for the reflection in' .C. - , ' 



^ C • 



/ 
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8.. Fii^ the^mage of quadrilateAl ABCD for t^i^ reflection in point 0, ^ 




i 



9- ^ 



10. 




A A*B*C* is a reflected image 
of A ABC. - 

Find the line of /'.reflection, and 
show how you found it, ^ 



A A*B»C» is the image of A A'Ep 
, for a rigid motion. 

Explain why the rigid motion 
cannot "be a reflection. 



11. Find the lines of symmetry for ^ach of the ^following figures, 
(a) , ^ 1 . ' tb).,/ 



(c) 
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12'. How many lines |of^ synmetry does a circle have? 



13 



• . . i 




R 




■ 








m o 














f 0 \ C 



Line4^ I and m are "perpendicu- 
lar,, and points P, K,^;.S .are 
located as shown. 

^ , Find the images of E„ «, B and 
S ^ 

^^-taj^ for the reflection in 
(b) for the reflection: in m. 



19-6. ' Reflections in the Coordinate Axes 



3 

^ 2f 

1 



-2 -1 O 
-1 t 

-2 
^ -3 + 



Y 



P(4 3 ) 



Point P . is located at (^,3).- 

To find its - image P* for the 
reflection in t^e • X-axis, the dotted 
■ line is drawn perpendicular to the 
X-axis . 

Since P - is 3 units above the 
X-axis why must P* be. 3 units 
below the X-axis? 

Why must P* be ^ units to tl:^e 
/. right of, tha Y-axis? 



The reflection of P about the X-axis is expressed as *the following 
correspondence: 

■ p(l,,3) -> P»(^V-3). . ' 
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Exercises 19- 6a 
•(class Discussion) 



Plot points A, and C' , and their given images "to verify that 

^ they are reflections in the X-axis, 

A(-3,-2) ■^A»(-3,2) (^) ^a't do you notice about the 

-^31(5^1;.) x-coordinates. of the points 

C[^l^^S) -»C»(-)+,-6) and their, imges? , 

•'. 'C-b) How are the y-coordinates of the images obtained? •' ■ 

■ ~f^' ' . ■ . ■ ... 

In general, the reflection u of any ^joint . {x,y^ in the 

X-axis is expressed as a function as Tollows : 

V 

"u : (x,y) -> (x,-y). 

(c) Use this definition to explain how the images, of points A, 

4 . . . 

B, and C above can be obtained. • 

(d) Show how the definition above can be used to find the reTlected 
image of point (-6,-8) in the X-axis.. ' . >. . 

Copy the diagram below. -To find the reflected . image P» of P in . 

^ - the' Y-axis, follow, these steps. 

(a) .Draw a dotted line through P 
. perpendicular to the Y-axis . 

(b) How many units must P' be to 
the left of the Y-axis? 

'Locate P' on the dotted line ■ 
and write the coordinates of P' . 

(c) Express the reflection pt P . in- 
' the Y-axis as a correspondence. 

Plot points A,, B, and C and their images to verify that they are 
reflections" in the Y-axis. ^ 

(a) Ex]piain how the coordinates of 
the images may be obtainec^ from 
the coordinates of points .A^ 
' . . B , and C . 

In general, the reflection v of- any point; (x,y) in the Y-axis 



4- 


Y 




3 






2' 






1 • 


1 — 


X 

— 1 1 i — 1 


^ 1 1 < » 

-4-3-2-1 0 


1 


2 3 4 



A(-3,-5) ^A'(3,-5) 
B(.U,6) ^B'(l+,6) 



I 
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is expressed as a functiqn.as follows: * " • ^ 

V : (x,y) (-x,y). - 

(•b) Show how this definition can be nspd to find the reflected" image 
of point (-6,-5) in the Y-axis., " . ■ 



■ Exercises 19" 5b 

Find the coordinates of the. irnages.of these points for the reflection 
in the X-axis • 

U) '(2,-5) (^.) (-5;6) (g) (-7,-^) 

(b) . (I3A) (0^^) , '^^^ ^3^°^ 

(c) . (3,-2) (f). (-5.0) (i) iO,^h) ■ 

Find the coordinates-of the images of the points listed in Exercise 1 
for . the reflection in the Y-axis • 

Which of the following cbrresporTsiences can be' the result of the 

reflection in the X-axis? in the ' Y-axis ? • in. neither axis? 

^ 0 

(a) (3,6) - (3.-6) , ■ (e) (^.0) -> (-)SO). 

(b) (-2,5) -> (2,5)^ • ;(^) (T.3) (7. -2) 

(c) ^ C-if,-6) -> (-U,6) (s) (-^.5) . (!^;-5) 

(d) (0,5^) ^ (0,5) • s -: (1^) (2.3) ^ (-2,3)' 
Write \he coo:i;dinates^ of three points that are invariant for the 
reflection in ■ > • . 
(a) the X-axis - i^) the Y-axis. 

What point ^s invariant* for the reflection both/in^the X-axis and . '. 
in the Y-axis? . ' ^ V 

Point A ''^./located at (-3,??) and point B is located at (2,-3). 
'Plot these points -and draw the segment ' AB. 
Draw the image of ' for the reflection in 

(a) the X-axlG. ^ - ♦ (b) the Y-axiG . 

'The vertices' of. AABC are Ipcated at .A(1/2),. B(3.6) . and C(5.2)., 

(a) Plot ^he triangle, AABC ^ 



•(b) Find, the coordinates of the vertices of A A'B'C* for the 
' reflection of A ABC in the .X-axis, and plot A A*B»C», 

(c) Find the coordinates of the vertices A", B" , and' C" of 
.A A"B"C" for the' reflection of A A»B»C» . in the Y-axis, 

(d) Compare the coordinates of A with A"' B , with B",^C >with 
C", What patted do you see? - • " 

(e) Compare the orientation of AABC wfth A A»B*CS and the 
..orientation o'f AABC with A A"B"C" * • 

Write the cooi»dinates of the end points A and B • of a segment AB 
that is invariant for the reflection in 



(a) 'the X-axis 



■(b) the Y-axis. 



Find the images of A(-2,3) and B(3,-ii.) for the reflection in 
" ■ ■ ' . (a) the line . y = 2^ . 

y^h) the line x = 2* 




Find the equations' of the images of the two lines, x = 2 and y 
for the reflection in the"* 



(a) X-axis 



(b) ■ Y-axis , 



14. 




dipy -this diagram and find 
the images of A(3.,2), B(2,-2) 
and C(-i+,2) for' the reflection 
in the line y = x. . • 

What would be the image of 
any point P(a,b) for the''" 
reflection in.. the line y = x? 



19-7. Rotations . 

Earlier in Chapter 8 you were introduced to rigid motions which were - 
called turns or - rotations / In this section we shall explore further these 
rigid motions . ■ ■ ^ ' ■ 



Suppose that we have the ray OP given as shown. 



of OP was 



a tu: 



The image ray OP* 
obtained as'' follows-. 

A copy the ray OP was made 
' . on a tracing sheet. The. tracing sheet 
was then held down by a pencil point 
at 0 .and turned counterclockwise as 
shown by the curved arrow so that the 
copy of OP marked the location where 
OP* was drawn.' 

The' physical movement of the tracing sheet described above is called 
and the fixed point 0. for this turn is called the center of turn. 

r.. ' ■ -■ 
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/ The curved arrow is drawn so that- it indicates the direction of the 

'turn clockwise or counterclockwise, and so that it starts at the original 
ray and ends at the imge ray. Therefore from the curved arrow we can tell 
which one of the two rays is the given ray and which one is the image of the 
given ray. ' " 

In the drawing below, the curved arrow indicates that the turn is 

clockwise about the fixed' point / 0, 




and O^is the given ray with 
its image. 



OB 



B 



In this drawing, the curved 
arrow again indicates a clockwise 
turn" about O, but this time OB 
is the given ray and OA is its 
image. 



The diagraias below show some special turns. 



II 




III 



IV 



Figure I shows a quarter turn . 

Figure II -shows a half turn. ^ 

Figure III shows a three - quarter turn . 

■ Figure IV shoVs a full turn . 



Unless otherwisi indicated, the direction of these special turns is 
'coun~ erclockwise . 



In Figures I and -III, the rays are perpendicular. In Figure'/EI, tlie 
rays are colllnear. In Figure I^ the given ray is its own image. 

Nov to suramarize, a turn is a motion of the tracing sheet /(/hich can 
be specif'ied by a, curved arrow, and by a given ray and \ts image/ with their 
, common vertex at the c/enVer-af turn^ 

Vfe shall refer to the one-to-one correspondence bf poirits and their 
images resulting- from a turrr^s a rotation . The fixed / 0 then becomes 

the center of rotation . ^ j " » 

'In the following class discussion exercises we shall /examine how points 
' and their ^images are. related in rotations, k 



1. 
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Exercises 19-7a ■ 
(Class Discussion).,- 



A countercloc^ise rotation is defined by 'the curved arrow and the .• 

pair of rays at 0.' y?^:,. 

V/hich ray is the given ray? the 
image ray? 

Copy the rays, curbed arrow, and 

\ 

, point V 

To find the iThage \ of point 
P y4"or this rotation about 0, 
^ ■ ■ i^fellow these steps. 

(a) On a tracing sheet make a copy of point P and of the given ray 
■ with vertQX 0. ' # 

(b) Turn the iiracing sheet keeping point d fixed so that '.the c^y 




of the given ray coincides withjsthe image ray. ^ . . ' 

• ■' » ■ . . ' A . ' ' 

(c) The popy of P on t^e tracing sheet marks the location-of the 

• image P* - lAO^. the location of P* - 
Now take a compass, and with center at 0 .' and radius OP, draw 
an arc to see if it; passes through P» , 

This shows that under a rotation, a point and. its image can be 
connected by an arc ^of a circle witia its center at the center of 
rotation. \ ' ' 
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• Hov does it' also show that t1ie distance of a point , and of itc 
image from the center of rotation is the same? - . ^ 

Two pairs of rays with their curved arrows are 'shown at 0, 

Describe a way of using a. tracing 
sheet to determine if the two pairs" of 
rays with their curved arrows specdfy 
the same turn about 0. . " -^ Z'' . 




Point P* is the image of P^, 



and Q* is the image of,. Q, and ^ 
paint 0 is the center o-f;' rotation. 

Describe . a wa^, ^.using tracing 
she'et to determine iJ'^.'poTijtsr P* _^'and 
Q are related to theii- images by the 
same turn about 0. 



Q 



A turn is. specified by the curved arrow and two rays shown at 



0, 




Use a tracing sheet to show. that. 
OA and cS with their curved arrow 
specify the same turn but B is not 
the. image of A,- for this ' rotation 
about 0. 

This shows that two points may be 
■related by a turn about a fixed point 
0 but one is> not the image of the 
other for this rotation unless their 
distances to the center of rotation 
are the same. 



y 



Show that a rotation of. a half 
turn afeout • 0 , and a reflection in. 0 
result in "the same image of A- 




0 ; . ... 

Copy rays' OA and oS/and point P as shown.' ^ 

(a) Find P» the image of P ' by ', . 
-turnrng^^he tracing* sHeet counter- 
clockwise about 0 as 'shown by 
the solid curved arrow, 

(b) -rNow .find the image P" of P , 
by turning the tracing sheet 

; ■ ■ • ^ clockwi^e^about 'O as shown by 

'. - thfe dotted curved arrow, 

■ " '■^ ■ ' ■ . ■ . , 

What did you -get as .a result of the two turns? this -shows" that 
two different turns might result in "the same rotation- . - 

As a master of fact, if Ve^are perqp-tted^ to continue beyond a- ^. 

full turn; there are Joany turns which, result in tne same rotatfpni . 

• * ■■ , * , 

. ■ - . For example, the turn shown at 

the left results in the s^ame rotation . 
as the turns described abdV©- • » 

See if 'you can .draw some other 
. examples , ^ , 

For our discussion, we shaiLl limit 
ourselves to' full turns or less. 




' In general, a rota.tion is a rigid motion in which appoints and 
their.iraages can be related by th^ same turn about a fixed pWt called the 
•center of rotation," and any point and its . image^ point are ecjui^stant ^rom 
the center of rotation. . ' . 
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(Note: .When necessary, copy the drawings and do the' work on your 
drawings . ) . 

■ ' ■ . - ■ . .■ ■ f . . 

Make four copies of these two rays ^nd use/curved arrows to show four 
different 'turns (less than full .turns) that can he determined using 

these two rays, 

:^For each turn, find the 
image of • 

Identify the turns that result 
in the same rotation, 



For the rotation shown at 0, find 

■ (a) P» the image of P 




■(b) A»B* the image of AB 

(c) - i V the image of 

K Draw the arcs of circles which ' 
connect / P with P», A with A'/ 
and B with B*- . ' 



Find the image of A - for a 

^ - ' (a) quarter turn about .O. 

- ' •A. - * ■ (b) Jialf turn about 0. 

/ ' (c) three-quarter turn about, „ . 
* about .0. ■ y ■ • 

(e). reflection in 0- . ' ' 

/Fot what turn about O"" is A* the same as for a reflection in 0? 



B 



Find the image of AB and of. 



CD^- fpr 

(a) * a quarter turn about 0. 

(b) a half turn about 0. 

(c) ..a, reflection in 0. ' ' 



(a) Find AA'B'C*,, 'the image of A ABC , ' for the rotation shown " 

at C. ' • >^B'' . ' , ■ . • ' ' 

' (b) In A ABC, the trip from A to 

B to C is clockwise. In 

^ -AvA^B^C* what is the direction ^ 

, o|^ the trip from A» ^ to^ B* 
, to. C> ? 

^ (c) Using the same,:. two rays at 0, 

'show with a curved arrow another 
turil which results in the same . 
' • image A AIB«C». . 




Find the image of 'P and of 



for a full^ turn about '0. Explain 
why ..a full turn resujts in th^^j^dentity motion. - 




What point .-is always fixed for any rotation? Suppose a rotation has 
two fixed points. Explain why the rotation must .be the identity, 
motion, * ' .. ^ - • . , 

Explain why Q cannot be'' ain . image oi\ P for a rotation about . 0." 



'to 



Find two different' points that 
can be 'centers of rotations in which . 
Q is the image of P. . 

Where are all the possible- centers 
•of rotations in, which, Q is the image 



Points A, C lie on an arc of a circle .with center at 0. 

. / ■ • Find -A*, B«, C« for the 

rotation shown at 0, 

Describe where the image' points 
lie. ' 




10.- Mark a point 0 and draw a circle which is. invariant for all rotations 
about 0. Describe all circles w\ciich are invariant for all the 
• rotations about 0, ■ ' ^ ' 

.11. Givefi the square shown be l.ow with point. 0 at ^he^ intersection of 

the- diagonals, . 

;Describe three different . turns 
about 0 for which the square is 
invariant • . 

Given A A»B»C» and the rotation 
shown at 0. 

Find 'A ABC which has A A»B*C* 
V as its imge for this rotation. 




12. 




0 



BRAINBUSTER- 




A*B* is the image of AB for 
some rotation. , ' 

(a) , Use a compass 'and straightedge, to 
find the center of rotation. 

(tj Draw a curved arrow and' two rays 
at the center to specify the' 
rotation. 



j9 
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\^ ■ ■ . . . . ■ ■ ■ ■ . ■ 

*l9-8. Rotations and Coordinates ' ■ • ^ 

In this section ve shall examine how rotations may be^ described In 
a coordinate system. / . . 



Y 

a'(0,3) 



. For convenience and simplicity ve shall always take the origin as the 
center of rotation. Also at this time ve shall consider only.tV^^ special 
turns,- i.Q., quarter turns, half turnsy and, three-quarter; turns, taken in a 

counterclockwise direction. . * ^ * . 

. • ' . ■ Point AC'^^.O) . is 'given on the 

X-axis" as shown. 

"1 For a quarter-turn about 0,. the ^ 

image A» must lie on the ■ Y-axis ,as . 

shown and 0A» must, eqml- ^0A> Why? 

Therf A* is located at (0,3) • 

Nov consider B{-^,0) on the 
X-axis as shown. -( ' ■■' ^ 

For ' a quarter turn about 0, 
where* is B' located? ' 

When ve look at the coordinates 
of points A and '^B together vith 
those of\their ime^es, ^ve see that 
there is a pattern.' , 

For a quarter turn abo^it 0, the im^ge for any point" (x,0)^ on^the - X-axis. 



B(-4,0) 



A(3,0) 



A(3,0) -^A» (0,3) 
B{'h,0) B» {(1,-h) 



is the point (0,x) on the Y-axis\ 
vrite the folloving function: 

■ f : (x,0). 



'.C(0,4) 



If ve* call 'this rotation f, ve Can 

(0,x) , . ; ' 

Nov let's consider points C (0,U) 
and D (0,-6) on the Y-axis as 
shown. 



D(0,-6) 



. '-140 
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C(0,U) -»C'(-l+,0) 
D(0,-6) -^D»(6,0) 



For a quarter turn about 0, the images C^^<id D' vill lie on the X-axis 
as shown, such that OC =-0C' and OD - 

What are the coord^mates for C» 
and D» ? When we compare the coordi- 
nates of C and^ D with those of their 
images, we again can see a pattern. 

Now tiy some other points on the X-axis and find their images under this 
same rotation. For. a quarter turn about 0, the image for any point _(0,y) 
on the .Y-axis.. is' (-y,0) on the X-axis. Since this is the same rotation 
f as bef^<rt?^we caYi write the . following: \ ' • . 
■ * ' . ■ f : (0,y) (-y,,0). 

. In the following class" discussion exercises/ we shall develop the 
general: rule for finding the itnage of any point (x,y) for the rotation f 
restating from a quarter turn about 0. . 

' ; -^ Exercises 19" Qa- 



1. 



(Class Discussion) 

■ Point P(3,5) ■ is given as shown. PA aud PB are perpendicular 
respectively • to the X- and Y-axes forming the rectangle PAOB v 



B 

(0,5) 



.^P(3,5) 



A(3.0) 



(a) Exi^ain why the coordinates for 

A are {3,0), andfor B are\ 
(0,5). 

7 

(b) Check with a tracing Sheet to see 
that the image of the. rec||ngle 
as as shown alcove for a q^bter 
turn about 0 . ' . 

Explain why the .coordinates 
for A» are (0,3), and for B» 
are (-5.^0). 



{c). Then why must the coordinates for P* be (-5,3) ^ 
PO equal P»0? 



Why must 
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[a) Point Q(-3^5) and rectangle QAOB are given as shown. What 
are the coordinates of points A and B? . 

B 



B 



n 




Q 



(b) The itnage^of Q»A»OB» of the 
^rectahgle .QAOB 'is also shown. 



(c) What are the coordinates of 
A' and B*? Then what are 
the coordinat'^s of Q*, the 
image of Q? ■ 



'(a) Copy this diagram showing point R(-3^-5) and rectangle RAOB . 
What are the coordinates of (^ojj^SsV^ and B? 

(b) Lbca^ A* ■ and B» for a 
quarteV turn about Ov and draw 
the imJige rectangle., 

(c) What /are the coordinates of 
-points A' .and B'?: Then 



4f 


y 




^ A 






' . 1 / 
t / 


0 




1 • / 






1 / 






1 / ■ 












: 








B 




R(-3r5) 




Below are shown points P 


and R» for 


the 


rotation 


. P(3.5)- 


^ pi 


(-5,3) 


Q(-3.5) 


Q 


i'(-5,-3) 


' • R(-3,-5) 


R'(5,.-3) 




what are the coordinates of R'?- 



and R with thei r, .images . P.* , Q', 
:^esulting from a quarter .turn about 0. 

■Express id' words how the co- 
ordinates of P*. are obtained from 
the coordinates of P. . 

Do the same for points Q» and R«. l^iat is the image of point 
S(^i?5) for the rotation f? : 

You recall that the images of points on the X-axis and Y-axis ' for 
the rotation f ,can be found from the" following expressions: 

f : (x,0) (0,x), 

. f : (0,y) (-y,0). 

If we combine the results of these two expressions we get the following 



h2. 
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general expression for any point • (x,y): 
f : (x,y) ^ (-y^x). 
Check to- see if this general rule works for finding the images of 
points P, Q, R.. and S in Exercise 



Exercises 19~ 

Find the images of the following points^ for a rgtatj-on . f resulting 
from a qtuarter turn about 0.. ■ ^ ' - 

■ AC3A).-f :) . . B(-2,3) C(5,2) D(-1,-10 



E(T,-5) 



Point A is located at {h^O) as shown on the X-axis, 

(a) For a half turn about 0, explain 
■why the image of A is A» (-l+,0). 

(b) . Fii^^ the images of t)^ following 
points on -the X-axis 'for a half 
turn about 0. - 

B(6,0) C(-3,0) ■ ,^5,0) 

finding images of points on' tJ<^'^ )Q-a5cis 
for a rotation g resulting f.rora a half turn about 0. I 0. |i ■ 

g. : ■{x,0) ->1 \ 



» 1 


Y 




\ A' 




AC4.0V 




0 


X 








c) Write 


the 


general rule 



Point A (0,3) iG- given on the Y-axis -as shown. 



Y 






A' 


(0,3) 








X 


A' 







(a) Find the coord«.nate^ of AS^the 
image oft A Vf o^r a . hal,f t\ 
about 0.' • t-r 

(b) Find the Ixmt^^M'A^i 'io^^^ 

■ points on ^t-te '■..Yr.abcls:- for. ,Ralf 



turn about \ Ql^lOJ:^^ 



B(0,8) • . C (p^-5^;^ ;;I3;(t)^;P2| 



(c) ' Complete. the following expression for f inding- i^ge^;. of^^^ 

on the Y-axis for a rotation g resulting froiS-^v.balf t^rn:^ 







Y 












.4— 


^ B 


'S ■■ ■ 

y 

* y 

y 

y 


P(5.3) 


1 




0 


A 


' y 
1 y 




# 




\ y^ 


r: 

■) 


B' 





(b) 



abt>ut P V - • ■ 

Point P(5,3) and rectangle PAOB are given as shown. 

■ 

(a) Find the coordinates of AS B* 
and P* of the image rectangle 
for a half turn. 

Draw coordinate axes and locate 
Q(-2,6). Draw' the rectangle 
for Q and its ^image rectangle 
for a half turn. What are the 
coordinates for Q» , ^t^ image 
of Q for a half turn? 

(c) Describe in words how the coordinates of P* and Q» c&n be 
obtained from the coord^inates of P and Q for, ^ half ^t urn. 

(d) The general rule for finding the image of any point (x,y) f'or 

a rotation g. resulting from a half turn about 0 is as follows : 

i ■ 

. g : (x,y) ^ (-x,^y). 

Check to see if this rule works for points P and Q above. 
Showhow the expressions you fo.und in Exercises 2 and 3 can be 
combined to give the general rule above. ^ 

Find' the images of the , points given in Exercise 1 for^a rotation g 
resulting .^from a; half turn about 0^- ■ ' . ' . 

(W),: 'gtow hpi^ the image, of A(U,0) are 

obtained for a three-quarter turn 




Write the general rule for finding 
the images or points of the .X-axis 
for the rotation h resulting 
from such a three-quarteV turn. 

,h : (x,0) ? 

Find t^e coordinates of B* , . 
the image of B(0,3) for a' • 
three-quarter turn. 



■'^ 8. 



10. 



11. 



(d) Write the general expression for finding the images of points on 
the Y-axis for the rotation h resulting from a. three-quarter 



turn. 



h (0,y) ^ ? . . 
(e) Show how the two' expressions you obtained above can be combined to 
obtain the following expression for, finding, the image of any point 
(x,y) for the rotation h resulting from a three-quarter turn. 

■ h : (x,y) ^ (y,-x) . 



Find the images of the points given in Exercise 1 for the rotation h' 
resulting from a three-quarter turn about 0. ^ 

Develop the general rule for 'finding the ima.ge of any podi^t ^x,y). ^ 
for a reflection in 0. This rule is the same as the rule for what 
turn about- 0? 

For each of the following, determine if the image is the result of a- 
quarter, turn, half turn, or three-quarter turn. 

A(5,l) ^A«(-l,5) (e) E(-l+,T) ^K^^^) 

^jg#B(6,8) ■ (f) F(-6^3) ^FM-3,-6)-s 

(c) c(6,3) ■ (g) G(-3.,-5)\^GM-5.3) 

,(d) D(T,2) ^dM-T,-2) ■ (h) H(2,-l+) - 

Given A A»B»C« with A»(-l,3), BM-T,5). and CV(-l+,9) as 



C(-4 9) 




shown. Find A* ABC' which has 
A A'B'C* as its image for a. 

(a) , quarter turn, 

(b) half turn, 

(c) three-quarter turn. 

\ ■ 



Given point A(^,5), 

■(a) Find the image A» of A for a quarter turn. 

(b) Find the image A" of A* for a quarter turn. 

•(c) Find the image A»«» of A for a half turn. 

(d) What resiilt did you get? Discuss. 
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19-9.« Sumniary 

/ 



J- Se.ction 19- 1* ' • . ■ > . 

•■ , ■ Any rigid motion in a plane, is determined by th^- three vertices 
of a triangle and the thi'ee csrresponding vertices of the congruent . 
' image of a* triangle. 

Images for*^ given fig-ures under a rigid motion can be found using 
a tracing sheet. The' sheet moves copies of original figures from 
'their'.given location to the location of their image's as" prescribed by 
threie non-colline^r points and their corresponding images. Sometimes 

■ it is necessary to flip over- the tracing sheet. ^ • . " 

For a rigid motion, the original figure and it^ image kre 

congruent. « ^ 

^ .- ' ' ■ 

Section 19-2. ^ ^ ■ 

A rigid motion- is a funat^ion or a^^flapping of a plane onto itself 
vhich preserves distances. . * • ^ 

Points or figures which are their own images are said to be 

■ invariant. It is possible that a figure may be invariant but the 
points of the figure are not. • 

"Since Vov a rigid motion each .point is the image of some point, 
-a rigid motion results in a one-to-one correspondence of points in a 
plane. . * ^ . '. 

A rigid motion in which each point is its own. image is called an 

V r ■ ' •« ■ I 

identity motion. _ . • - _ ■ 

^ ^ Section 19-3 » V ■ • 

A translation is a rigid motion in which the distances between 
the points .and their images are 'equal and the directions from the 
points to their images are the same. 

Since a trans lation^ca-n be determined by a single point and 'its 

image, a 'translation can be designated by a:n.- arrow- which indicates 

■ '■the distance and direction :'rom each'point to its' image. 
■ . / 



h6. ' ■ \ 
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- Section 19-^* . — . 

-jIn a- coordinate system a translation can be described compact^ 

• as a f met ion. ^ . * 

■■ * . , t : (x,y) -^ (x + 2, y + 3) u : (x,y) -^ (x:- 2, y - 3) 

• Translation t is a translation of '2 >units- to the right and 
.3 units upward. Translation u is a translation .of 2. units to 
■the left and 3 units downward. . 

Section 19-^. . / • . / " " 

A reflection ^n a given line ■ £ is a rigid motion in which, for 

any point P not on i and its image P», L is the- perpendicular 
' bisector of PP'. . If.. P is on t then P, is invariant (P* = P)'^' 
A reflection in 'a line changes the orientation of. the plane. 

■ •• A reflect'ion in a given point 0 is a rigid motion in which, for 

• any point P and its image: P» , 0 is the midpoint of .PP» . Point 
0 is invariant for the reflection. 

IT a figure is invariant for the reflection in a line then ^ 

"' is called the axis of symmetry, for the figure. 

A figure is said to be symmetric if it has at least one axis of 
symmetry. 

^ ^ . For a. i^flecition in'a line, the image of the image of a point is 

, ■ • . ^ ■ -^3 

the point itself.* ^ 

Section 19-6. ^ . , ' 

■■ ■ ' The reflection u of any point (x,y) in the X-axis is 

expressed as ' follows : u : (x,y) ^ (x,-y). 

• '-^V % ' • reflecti^ . v in the Y-axis for any point (x,y) is 

expressed as follows: v : (x,y) ->A(-x,y). •. 

• ' :js>- ■ • ■ 

Section 19-7' . , . 

k turn is the motion of a tracing sheet specified by a given ray 
and its image ray with ^^leir common vertex at the center of turn, and 
■ by -a curved arrow. wh^ch starts at the given ray and ends at the image 
, . i;ay showing, thd' directiont- of ' the turn. . ■ 



0 



A rotation is a rigid motion in which all points and their .linages 
can be related by th^ same turn about a fixed point called the center 
of rotation, and any point a^d its image point are equidistant from . 
the center of rotation. * ' ' 

There are many different turns that result in' the same rotation. 

Some special rotations are those of a quarter turn, half turn, 
three-quarter turn, and full turn.- A reflection in a point 0 and. 
a notation of a half .turn . about the" same point 0- result in the same 
rigid motion. A rotation of a full tui^n is the identity motion. . 

Section 19-8. ' ^ ' . 

In- a coordinate system^ the special rotations of a quarter turn, 
half turn, and three-quarter tttfn about the origin 0 >^re expressed 
as follows : . , 

Quarter turn f : (x,y) ^ (-y,x) 

Half turn . g = (x,y) ^ (-x,-y) 

Three-quarter turn ; h :.. .(x,y) ^ ,(y,-x) 

Slides, flips, and turns refer to' the* physical movement of the 
tracing sheet whereas translations, reflections, and. rotations refer 
•to the one-to-one correspondences of. points. . - 
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Chapter 20 
SQUARES AND RECTANGLES 



20-1, Introduction 

In this- short chapter we shall become acquainted with several very . ^ 

important fomulas, which will be used often in later chapters. These 
formulas are easily proved from the properties of .addition and multiplication 

: of real numbers; 'They also aye easily pictured in connection with the areas 
of certain squares and rectangles. These ^pictures should help you to remember 
the formulae. /Vft use the fundamental fact . that tVie area of any rectangle is 
the product of the length of its base and its altitude, (in the case of -the • 
square, base and altitude. are equal,) 



20-2.' A Formula for (a + b'') „ ' ' 

' When you studied the Pythagorean 

property you drew. a square region with 

side a + b . and ccynsequently with area 

(a + b) • This region consists of two 

smaller square regions I and II. and 

two congruent rectangular regions III 

*. ' 2 

and IV , The . area of I . is a and , 

2 ■ ' 

the' area of II. is b . " Each of- 

III and IV. has the. area ab, , • ^ 

Consequently • 

? ? 2 ^ 

(X) (a + b) = a + 2 ab + b ? 

We do" not need to relir. on the use of areas to obt>ain this result. 
We can use well-known properties of addition and multiplication of real 
■ numbers,' In fact, by the distributive property 

(a + b) X (a + b)-^. [a X (a + b)] + [b X (a + b)] 

. . = (a X a) + (a X b). + (b X a) + (b x b) (Why?) 



a 


b 


^ V IV ' 


II 




0 


I 


III 



What property do ve now use to repla.ce b X a by a X b? Since \ 

^ a. X a ='a^, b X b = b^ and ( a + b) X ( a + ,b) = ( a f b)^^ . (Wliy?), 

it is true that" .. * 

• ■ ■ * ' ' ' 

(l) ^ ^(a + b)^- = a^ + 2ab + b^ 

for all real numbers a and b. In this proof, a, or b can be negative^ 

' ' >• . . . • • ■ ' ■ 

or zero. Of course, in our geometric proof, negative values of ;a and b 

are excluded. . ■ ' ' 

The result ( l)- is -often useful in simplifying computations. ^Suppose 

for example that ve wish to find the, area ofo a square rug whose .side is 

1 ■ > ' * 1 2 

15 ft. .1 in., that is' 15 ft. Ve need to find (15-^2) • ""^^^ 

^ 1 2 ■ • 

arithmetic is somewhat troublesome. If we th'ink of 'C^5 y^Vr 

(15 + — ) and apply our rule we .obtain ' ' . 

. 225 + (2.x 15-x i) 4-^^= 225 + 2.5 4-'^ ■ . ^ 

- ' = 227.5 sq. ft. 

* ' .... 

* ' 1 " ' B 

Th'e error is- .yj^^ sq. ft. which^s 1 sq. in. Th'is^error is negligible - ' 
for most practical purposes. . ' . ' . 

' ■ " ' ■■ ' . 2- > 

To- take another example, suppose that we wish to calculate (V.12) . 

We write "(U + .-IS)^ = + (2 x k K .12') + (.12)^ ...... 

= 16 + .96 + ,Olkh = 16.97UU.. ' 



/ . Exercises 20-2 

1. Find (a + 3) by using equ£^/tion (l") and also geometrically by 
"■■•separating a square region, a + 3 ^ a side,^nto appropriate 

regions I , ^I ,111 and -IV as'^^'h the text|^ 

2 ■ ' ■ - • ■ 

2. . Approximate (12.1) . " Find its exact value. . V/hat is the error • 

committed in using the approximation? ' 

3. In Exercise 2 draw a figure wj.th i-egions I, II., Ill and. IV . ' ' 
as in the text. Do this on ruled paper." V/hat' are the' areas of the^ 

- . four regions? V/hat region' are you neglecting in using' the approxima- 

! tion? * ■ ■ • , 

k,- 'Find quickly " T , ^ 

101^, 61^, . 103 op^>^- (2.03)^., Uooi^.... .\\. 



50. . 
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f ' ' ' ' ' m * 

5. ' Write 199 -as 200 - 1.= 200 + (-1) and Use equation (l) to find 



199^. 



* ' ^ . ■ ... ' 

ft- " *Draw a. refctangle with base^ +.3 and '-alt itude a + 2, Show how the- 
rectangular region . can "be divided into four parts 'to illustrate the 
result of multiplying "a +r3 "by a + 2* ■ ' 

'7. Repeat Exez-cise 6 with d^imensions a + ^ and a + i. ^. . 



n2 



20-3., A Fd>ymula for (a - b) and a Related Result 
.From the result 



(a + b)^ *= a^ + 2ab + b^. 



fDvind in the lest section.'^'it is easy to get result , for ,(a - 
Since b may "be written as a.+/(-b)^' 



Therefore 



(a - bf- = [a + (-b)]^ =_'a^ + 2a( -b) + ( -b )^ . 
■ • 2 2^^- ' ■ 2 ■ ^ 



- Fo^ exampl^Y to sguare -98, write ■ 98 = 100 2^ and conclude 



98^ =160^' -'(2 . 2 • .100) + h 



that 



lOCr^- ^400 + h 

' '■ = 100 (100 - U) 4/)f 

. ' V = (96 X 100r+ h 

' ' ' - .■ ' = 96o)i . 

It is not very easy to 
. picture , ^ - 

{2) . (a - b)^ = a^ - ^ab + b^ . . ' 

Hc5wever, let us mark a square of side 
a + b as follows. Note that- a' a;nd . 
b . alternate.. Now construct a 
•rectangle . with sides a and b' in 
the. lower right-hand , corner of 
Figure 2. If we .draw "three copies 
of this rectangle in the remaining .. 
corners we end Vith Figure 3«- " . ' ' 





Fig. 1 



0.. 

b 



The f haded region, fh' tti^l center .i*^a ^ * 
"squaVe ■reg^.oo with side' p. - tr. as^; ' / 
• yo'u gari eiasil;^- show. ^ ^ ^ ,. 

• I'arge'^square has" the aria 

#>(a + b>^V The sJiaSed sq^re. region. V. 

has the area"", (a^ -fb)^,, and eacji ^^'the 
,^our re^anguSii:-..regioris which siiground 
it has the area 'ab i' \ irfierefbYe ^ 

(3) ' -ia -b)^.:= (a + b) - hah. 
' • Now if. we replace "(a*+-by 
.by a + 2ab + b an'd simplify , 
we have / > ., 

.](a - b>^ = a^ -.^ab -f- b . 

We Tnay wAte (3) in the ■ 
equivalent form: 

. '^a + b)^ = ^ab + (a - b)^. 
Now if weedivideby we obtain 



4^ 



a 'YY' 



b. 



Fig. 2 



a 



a-b 



a - bv2 



r. 



a-b 



Fig.* 3 



It follows that 
(5) ' 



where the eauality oc9urs only when a - b., V 

. How can we- interpret this result? -Let us take any two positive num- 
beVs^a and b... Their..average is. and their product .is' ab . ^ ■ 

Th^('5) tells us that if a' and b are different,' the sqlmre of .the 
• Tve^ge Is greater than the prpduct. Equation (A) tells us how ^muctv ■ ^ 



greater J^-y-^)^- is- than ab. 



For example, -let, us take a. = h and b - 2 . 



^. ■ a + b _ ■ 
Since. — 5 — - j. 



.^ a + b ^2. 



9; 



which if greater -than ab = 8 . The- dif fe^enee should be 
( .a - h ^2 ^ g ^nd of course % is. / ^ , 



Let us interpret ..(5) geo- 

* metrically. Suppose that we have a 

rectangle of base a and altitude 

b. The perimeter of this rectangle 

is 2a + 2b. What. is its area? 

Now consider a square with the 

same perimeter, 2a + 2b . ' Each 

^ , 2a + 2b ' a + b 
side must be — = — g — • 

What. is the area of this square? " 



a+b 

. 2 



a+b 

■2 



According to (5), if a' is different f rom ' b 



. / a + b x2 ^ , 



.0 

This means that the arjea, of the squa.re is greater than the area of the 
♦rectangle. Of .course, if a = b ve had a square to begin with and the 
a + b 

' square with side — p- — is identical : with it. . . 



Exerc ises 20-3 

'On a square of side 8y. mai-k off segments a = 5 and • b = 3 as 
shown in Figure 1. Draw the four rectangles and the shaded square 
region enclosed by them. Verify from your figure that 

. (5 + 3)^ = [J+.x (5 X 3)] + (5 - 3)^. 

Sketch a square of side (a + 3) where a > 3, and mark off segments 
of length a and 3 alternately. Draw the four rectangles -and the " 
enclosed, square. Write (a + 3t so as to show, how the largis square 
■ region is'^buiLt up of i^ctangUlar regions and a square region. ' 



"Find each of the following quickly: 



5. 

6. 







U9^', 998^, 


(.193)^ , 


Find the area of a 
terms of , where 


circle, of radius I.98. ( 
A=.«r^.). 


Approxitnate (.99) 


Find its exact value. 


in using the approxiTiiati.on? 




Verify Equation (U) 


for 




(a) a = 3 , b = 


? 






(b) a = 11 , b = 


9 






(c) a = 1.1 , b 




•9' ' . 




(d) a ^ , b = 


7 




Shc*w geomistrically 


that (a - b) 


^ = -a^ - 2ab 


figure. 




a 






















■ 


a-^ 




■t 


■ 






(a->b)2 ■. 










b 



Crom the following 



'ty 'subtracting from area a^ o f the large square^ the area of- two 
rectangles with sides a and b. How do you compensate .for the 
f'act .that you took away too much? . . 



20Th, Another Picture . ■ ✓ 

In the previous section^ wd prove^l that ror*positive real numbers 

a and b and a > b^ ■ ' , 

(1) • (—2—) = ^^^^ * 



We also pictured this result in terms of a rectangle . and a square with the 
same perimeter. < 

'There is §Lnother geometric 
interpretation of/(l).. \Let us 
place line segments ■ of length • , 
.a., and b eijd-to-end, ,The . 
mi'd;^aint ' M of th6 comMned 
segment is^at.the distance 

a + h 

■ 2 



from the end^oints 




A, and B. Let, us draw a semicirc]^ 
with center at M and radius^ 
^ ^ ^ Next' draw PQ perB/end^cular to AB at the point P where the ■ 
segments.meet.; /In the.^right triangle t^Q we .know from the Pythagorean > 
property ty>at * - - 

' . . {mf = (MP)^ + 

a+b a + b^N a ' - b 

'Since MQ = 2 ' radius, and p. = L 2 ' " ^ " 2 



But according to (l) 



a .+ b^2 



I'^-'ltlUSt 



be true then tha' 



; (PQ) - ab. 
Let us verify, this result in another way. 



Exercises 20-ka ^ 
(Class Discussion) 

What kind of triangle is ^ AQB ? Why? 



Ehat^.the angles marked 1 are- congruent and that AAPQ - AQPB- 

"^AP ^ ^ 
PQ PB ■ 

s2 



(^^Q)^ 



PB = 



55 



59 



Exercises 

2. 2 

1, In the figure in the- text why ii^ (MQ) > (PQ) ? ■ " • , 

-What does this ineqijality mean in terms of a and b? When can 
equality .occur? • . 

2, . Draw a semicircle like that in the text using a = 2 and b = 1.' 

Find the lengths of PQ, AQ, Iq, Prove that triangles APQ 
• and QPB are similar by showing that .their sides are proportio,nal , 
(Note that • 73 = ■»^») 



2 2 ' . 

20-5* ' A Formula * for a - b- 

If we multiply the sum of two numbers (a + b) by tbeir difference 
(a - b) , we obtain ' ^ 

(l)- ■/ . . (a + b) X (a - b) = a - b • 

This is, 'a very handy, result,. For example ... : ^ . 

(100;,+ 2)' X (lOO' -'.'2) <=.:10/000 - h 
so that *" ' ^ 

ic^iKsQ ='^996 " . /*\ ■ . , 

• . ' . .J ' / 

with almost no work! ■ ' ' ' V.^^'/.* \ 

■ - ■ . . " ^ J'- ^^^ ' . ^ 

It is -easy, to see geometrically that (l) is true f or':all^posltlve 
^ 2 2 

real numbers a and b ' .with a > b. In Figure 1, a - b is the area 

of • f ' + II (shown shaded). 



a-b ^ II 




I 


b 








•Figure 1 




" '56 
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By moving I ' to the position shown in Figure '2 it is cleaa:; ihat-.;- ^^^^^^ 

I + II" is equivalent to a rectangular region with base a + b a?jd -^'r := ' i ;?^ 
altitude, a - b and therefore 'with area (a + b) X (a - b) . - :^ ' 

Consequently ; ; V; ••-^ 

(1) . a^ - b^ = .(a> b) X (a - b). '. ■ 




• . . . - • • • 1 



Exercises 20- 



4 



1- 



It. 
5. 



Justify the result (l) by using '.the prope'r1;ies -.Of.. .pcSdit&n-;^*^ 



mxiltipli cation for -real numbers-:- \^ ; 
Use (l) to find the following prQduct;s quickly' 

/ ■ ;. ; l03>,.97^' ■-• ' '•' ■ 

■. ' ' ■ '■ g'.x 11* , ■ 

, 10,001 X ^999* 

v2 / 



Simplify (x +.2)^ *• (x - 2)^/ vhe.re f ■■■..i-s a r^al-num^r 
Hint: "Think of. ■x*"+.^ ;as\ a*^ single , riumt|er ;.;>nci 
single number ^ _ ^nd^apply : ( l) . , . 

Simplify (x +.y)^'-*^(x' -. y)-. vby 'the metW^f^^ 

In Section 2 0^3, got' tHe/result . ■ . , , . V • ; y 



■5,f 




Write- this in the equivalent forni_^ ' ■ .■ 

Show that this result niay be proved fron> 

u^\- v^ =-(u + v) X (u -^v), 
which is (l) with the letters changed. 
Show that 

■■ * a^ - = (a + b) X (a - b) 

' by using the- following figure:. 



t 




and moving the trapezoidal region III in a suitable way. 



20-6. . : Solving- . Some Probiems - - ■ ;. . 

The results of this chapter -can; be' used to solve.. certain problems, 
- Example . A rectangle with area l6 sq. ft-; has a base which is 
%' ft. long^han its height (Figure l). . \'/hat-are its'dimensions? 

• tSfethod 1^ 

"^■X U> 6)x =. 16. . 
'^^i|3^,^he. formula, ' 




Then 



Hence 



and 



ab = (x + 6)x = 16, 



■ a + b • ^ o a - b ^ ' 
— ^ = X + 3 and — = 3 < 



(x + 3r = 16 ^-g = 25, 



(x + 3> = 5 or -5*. 
Of course, x + 3 = -5 .is impossible. • Why? Hence 
- • X +'3 = 5 ... / , . 



and 



X = 2 , 



Method 2, Since . (x + 6)x = x + 6x 

. x^ + 6x *:'--l6»' 

Draw a square of side- x and 

area x (Figure 2). ' Think of 
'3 

6x as. the area of ■ two rectangular 
regions with sides x and 3. Add 
•these, regions to the square region 

as follows (Figure 3)* The total' 

2 ' ' 
area x + 6x is to be 16 . 




Figure 2 



.3x 




2 

X , 


3x 



i. 



X . ■ .'3 
Figure 3 
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.•We can complete a square by 
adding the small shaded square, region 
of area 9 (Figure 1^). This gives 

X + 6x.+ 9 = (x + 3) , • 
for, the. area^of. the large -square. 
Since this area must be 
• ;l6 + 9 = 25, 

(x + if = 25-. / . 

V 

Then, as before, 
X + 3 = 5- 

s^nd 

■ ■ - .X. r 2. • ■ 



X 


3x 


9 






• 2 




. ■ X 


3x. . ■ 


X 


■ 3 



Figure h 



Exercises 



20-6 



k rectangle has area 15 'Sq.^ l^i. Its base is. 2 , in. longer than 
its height. : Find its . . _ 

dimensions . .. . ' * 

In the f igure o^f a semi- 
' circle'-shown, find jthe 
value of the radius r . 

' Hint ; Use the Pythagorean 
properlsy twice. / 

A certain rectangle has the 
perimeter. 20- ft._ Its base 
is' 2 ft.- longer than its 
height. What is its area? 




20-7. Summary 



a 

.1.' 
.2. 
3- 



thiS' chapter ve have established four important relations. If 
are any two real numbers, then / , . - • 

(a + b)^ = + 2ab + b^ . 



/ \.\2 2 
(a r b) = a 



2ab + b' 
a 



- = (a -4)(a + b) 



We have pictured these relations by using the areas of sqmres and rectangles. 
We. have proved : them by using the familiar commutative, associative and 
distribuj:ive properties of the real numbers- These -four relations will be 
used frequently in later chapters of this book so that the student should 
know them well- . * " . . ' 



Chapter 21 



SQUARE ROOTS AITO REAL MMBERS 



'2^-1,. Intro^duction ' .- , . 

You are standing on the top of a mountain one mile 'high,- rising. above 

• • a:level plain, , How far is it to the ' ' - a. 7 ' 

. . horizon? / 

We ithink'of the earth as a sphere 
and the mountain' as a bump on it. This 
^ ' of course is a simplified picture or 

^mathematical model. ,The radius of the 
• earth is about 3959 miles. Let us 
■ round this off toV ^000 miles,. 

We draw a figure "in which t:he 
distance .x miles to the horizon is • 
• one leg of a right triangle. ''The^other leg is i+000 miles and the hypotenuse 
is UOOl miles, 




The Pythagorean property 'tells us that (AO) = (OB) + (AB) so 



tjiat 



()4001)^ =.(^4000)^ + 



and so 



x^ = (J^OOl)^' 



(i+OOO)' 



Of course we could square hOOl and ^000 and subtract. But, as 
you know, there is- an easier way, . Since, a - b =',(a - b)(a + b), . 

(U'OOl)^ - (UOOO)^ = (^001 - ^OuO) X (UOOl + i+000) ='1 X 8001 = 8001.. 

Check b^r squaring' to see tha*. this j.s correct. If x^ = BOOl , what is ' x? • 

It is . /8001 -of course.. But how do. we find this square root? , ^ . 

The problem of finding square roots is the subject, of this chapter. 

Here we shall just mak.e a-start by f indi^pg a rough approximation to /5ooi. 

Is there a whole number -answer? ' If 8o6l were changed to 8lOO, we would 

' ' ' ■ 2 • 

.have a "perfect square"; that is> we could write 8lOO = 90 X 90 = 90 . 

So-- VSTOO ='90, This is certainly too big. On the other hand, 80 is 



mucH "too- smll to- be the - square rdpt of ; -/SOOl . You can see this by 
"^.muli>iplying -^SO '. by . 8o. . V'So /80OI ■ is. between ; 80 and 90, . ■ We write - ^ 

But^ VBoST/Vis^^ch. nearer t^ . than to. BO,*;' wouldn't you say? Suppose- 
■that.wevtry .•88.--^; Since 88^ ^]fn^, ■ which . is less than. ' 8601, ■ we know 
that ' ■ . . •■ ■ : 

^" vi; • 88,<7BooT < 90 . :. . •. 

To locate the. square root more closely 'it is natural to-try 89, Since ;" 
•89^ "= 7921^. . 89 is too- small and we see that ■. . . ^ ^ • - ^ 

; .V-. ■ ■": 89 <'-V8oo.l <;90r . 
There- Is na whole/ number Whose * 6g.u£ire i^ . 800I . ,^But we have located the ' 
distance tb the horizon/within .a'lTiile;. this- is probably accurate enoiigh for 
most purposes. . However/ &s we shall .3^^^^ is possible to find as accurate 
values far square . roots ks.'we wiph.;. Farfcimately ; this^ can be done vei^: simply 
-without resorting to triaX" and: error methods ; . ,W see how to do 

this. ■ . ^ '' V\ ' ■. ■ 

\. \ Exercls'es ' 21-1 . ., • ' .• 

1. ' To- find the value of ^001 ■ ins .^001 - ifOOO : we could write 

. 4061 = UOOp' + 1- and square this sum. : Carry out th$ arithmetic and - 
check with the Value 'found in 'the text . Is/it necesgaiy to ,kn6w what 
kObO^. is equal^ to? *■ : ^ ■ ' . . " . \ 



2. 



Jn the. problem disqUss^d '.in ' this' section use ;, 3959 miles instead 
' . of .AOQO miles for the earth rs .r^di^^^ square root needs to 

be found in this case? .. Estimate; iW\-value.- >^ . ; . : ^ 

(in the following exercises use 4000 -.miies. for the .earth's radius.) 
^. If the mountain in; the problem^were; ^ of a'; mile, high, about how far 

- would it be to the horizon?^ .C,]^e^ by 8OOO. ) \ ^ . , 

k. ' How far could you see from aWieight of 25O feet?" (.Call this 

of a mile.) ' • ' \ ■. ' ' • 



6k 
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How high" above the ocfean would 
yoii have to be" to see 10 "miles 
to the horizon? 

Hint ; .Use the figure.. In^ 
squaring {hOOO + h) neglect . 
"^Give the answer in. 



miles and feet. 



4000 




Suppose that , your eyes are 5 fee-^ above the .ground. How far can you 
..see? . (Assume that 5 feet = YoOO ' .• 

How far can you see from-a mountain 2 .miles high? ■ 



21-2. Computation of Square Roots ^ , ,^ , * • . 

'it is useful 'tp^.be able to compute square 'feoot§' quickly* * Ti^. method 




of doing so will be explained in 

connection with This number 

occurs naturally as the 'hypotenuse 

of an isosceles rights triangle with 

legs, equal \to .X. By the Pythagorean 

property! . • 

P ? ' ■ ■ 2 
X .^'1 ,+ 1 .= 1:+ 1=2." 

■ and hence* . ' . ' • * . 

\ X = V2. , ' ■■ ■ : . . ' ■ . ' ■ 

Even if we'.had .nevfer' heard of the .Pythagorean property we could 
easily see that, in' the -figure, _x = v^. ^ ' ' ^ . ■ _ . 

Consider a square with side two units. 

We can draw foi^r unit squares as /r^ — ^ — — — | — ^ — — ' — ~/ 
shown so that the total, area is" ■ . 
certainly h-. ■ ' ^. ' 



Nov if we draw diagonals of the 
unit squares, we ob^tain , the. shade'd . 
square region- S. ' Since' each'' unit 
square 'has been cut in h^lf, the. 



area .of S is 2. • But the area 
^ x_is 



of - S -must be x" if 
length of .o'ne of its si 



.=. 2 . and 



. ana x .= v^:*. v'. 
How-shafl we compute, ^ ? ^ li'ls' surely, true that . 1 < ^ < 2 



since . 1 <-2 ' and 2 < 2 



If we ti7^ various ratlQ^l T^umbers bet^^en 
7 



1 ■ and 2 , it' wil-1. soon be discovered that j is a.'fair approximation 
(ly viiS ^.and 2 = 1^ . We see howeve!? that |. is t 



to f since 
■small. 



It would be useful to . bracket ^ ■ be|veen two rational ..numbers, one 
1^1. too smll and ihe othVr^ of wl^c^h. is too iarge'. IV 



of Which ( like i ) IS too:s^ll and ihe other: of w^c^h. is too 'iarge; 
would,' of- course, be still nicer if. . 
, wKcoul'd find a - rational number which ,. , 
is exactly equal to •/2. .You remember 
perhaps that there is . ng ^uch rational ' 
" number, so. that we must be ^tis<:ied . , '. ^-^^^t 

■ .ith approximations: ^ However, if you- have forso1;teh that ^ .s .rra^.onal 
■we shall soon prove that this- is true. • , ^ . , . ^ • 

^ ..iw^th^reisan^easy way to:bracket''^ between; I' and a number,^ a. 
by ^ , obtaining 




We siirimy - divide 2 



/ 



10 



^- 12 in-'fact, Greater" than ..^ by shoving 

You should: :verify that . — is,., in lacx, b^^^^ . ^ . , 



*' ^'^'^^^ see-without squaring — ^hat it must be g^eater-'%hah *V^. 
For we chose a = • • ' ^ v ' • 

. . . - ' i X a = 2. : . ■ r h ■ ■ 1^ • 

if ^ < V5> a must be >45/2. ^ ■. . , v.' %■ ' ' 



7 10 i ^^1- ' 

The interval from -t to -=r. has a length o|!^ zrr since 



a. 



i ^ !i2 . , ha'\^ ''there:JrOre not locat^. VS^ on the .J^umber linfe 



very precisely.- " ^ 

^ vis* ■ * «S. ■ . 

• ■ * Thpre is a ■ simple. methcSd .of ; l,Qcattng ' v2 , vij^hifi a shorter interval. 

•^^ We average the two coordipat'^e, and obtain; '. .. * * \- >• 

■*'■'■' ^ • -Iff: ' ' * ' „ 

^ ' '^1 '10. .. " : > 



^ . This is closer to^ V^*' than either; ^ §r ' -^^l^^ln^. fact. ^(^^r^. 

'• ■ 9800 -."v^ ' < --9 ^ ■ 

is . very dlose to 2 since 2 = (r,^^ • Neve^heless^ it . is a little '^oo big 
* If ve divi|ie & by' we obtain 7™-^ which is sligirtly^tooi^iitnall. * . 

' ' • : ". ■ = ■ ^ ^ .. ■ . ■ , © ^ - 

The length of tlje intei^l is only ^ = Syo'y ;, ' ! ^ : 
By averaging again ^nd dividing^ we' could narrow .the . intervail^-^ still fuller, ._ 



But .we shall stop at this point and .^ply th^ 'process if^^ some ^"^^^ exaSH^les. . 

\ ■ ■ \ Exercises ' 21-2 \\ ' ■ ^ ' ^ ■■ 

1. ■ ' Show that ^ <..v^-. • ' ■ I ^ 

■ -2.. • Show thaf 73 ^ 1. f = f . Divide 3 by .f -and^how that tflSe ■resu.l^, 

. ■ . ' --.^ ■ ^« . . . mi' 

is too small. Mark on the number line an interval within .which V3^ 
.•^ ^ must- lie How long is thisMnterval?' ■ ■ . . . ■ , 

.3. ■ Avexage .the numbers f oun'cf . in Exercise 2 sind show tliat this average' 
" ' is slightly too large. Find' . 3 divided by ^ and show that this 



result is too small. How long" is the inter'yal within which you have 
locate4. 

■ ^''/^ . 67. ■•■ ' ■■ ^ ' 

70 . ... 



1+.. Show.'that:/-^j<-2 J =.| .. . Divide 5 by .% and show that the result 
'.„' is\oo- smalil' 'iferk on the numfei^i^oe an interval within which S 

• ^ .must lie. ■ How long is this interval? . 

5. Average the numbers found in Exercise ^and show. tha,t this average 

■ is slightly, i^op large, ^ind' 5 divided by and show thaWi. this 

result is too small. How long, is the interval within wfocl>^, you have . 
located 

Ih'e^Jimaiing the square root of-> 8OOI in tlie first- section, we found 
is too big. Usfe the- divide aiid 'average method tp 'obt^^in 
,ter- estimate. . - — • 




■7 ' Start with ^ instead of | as e first ■ estimate *for "Divi^ie, 
. ■ • average g.nd' divide to bracket- -12 in an ii^terval of tength . , 





* 21-3. Irrational Square Roots 

We^te'Ve'been calculating , such- sqiL^re roots as t^, /3i ^ ' - 

Starting with a rational ntimber we have fpurid in each case 'that we could 
obtain excellent approximations, but in no ^case were we able to obtajn a ^ 
■rational, numbeiv- which is an. exact 'answer. , Is this because we did not divide 
; ■ . and average enough tifees? 'Or is 'It perhaps bec^ause we did not>tart with a-, 

good enc4gh first' approximation? The answer to both questions, is No. There 
are no rational h^mbers equal tor'^V^,. V3,. or -IS* ' 
■ hii *^s see b,ow we 5 an .shov^^h^&.^" Suppose, for' example, that there . . 

^' ' is a-rationklVumber ^ ^^0}^^^^^ ve divide ' .2 by J the result 

(j^) must ie ^ual to' 



/^^a) must *e ^ual to' > ^ TtSt/is ' . 




We -can surely assise thfrt ^ is writte^ in lowest terms,- beftause if p •'^nd 
.q ' had. a" common factor we could rEpiace' tli| 'fraction by an equal fraction 
w'ith a "smaller -ntmierator and ^ smaller denominator^ For example, if^ (1) 
were true with ^ = , we .could replag^ it by which has the same 

..value. ■ ■ • 

'm, ■ P 

Now*if ^ is in lowest --ferms, any fraction which ia equa,l to ^ must 

be obj^^ined by multijaying *p and ' 4 by the same integer, say k. FoV 



. . ■ 7 

example,, the only positive fractions jsqual to^ — . are 

7 X 2 lij^ 7 X 3 _ 21 7 xA ^.28 
5 X 2 ~' 10 5 .X 3 ^ 1-5 ' 5 X 20.' 



or generally 



Consequently, if 



7 x k 
5. X k 



2 ^ 2£ ^ 
q - p ^ 



tha denominator of ^ must be some integer times the ■ denominator of ^ . 

That is, p (l^>Cq) or (2 X q) or (3 Xq)', ■. . , which means that 

^ = 1 otJ 2 or 3 or So, if is a rational number for which 

q . - ^ ' . q . 

^ =■ ^ must be an integer. But V5 is not an integer! In ^act, 

"a 3 

' 1 < V5 < 2. " . . ' / ^ 



We 
numb I 



have- proved^hat V5 is a-n irrational humb^rT^ since it, i's not a rational 



Exercises 21-3 [' * 

i; Prov^ similarly that ^3 is irrational, . ■ 

2, - ■ ^ Prove that V^' and v'S are irrational, ^ ?. 

3, - Why doesn't this method of proof show that irrational? 

Show that -/n is irrational' for any positive integer n - which is/ 
not a perfect square, { 

\ ' 112 

5. • Is it possible for g 3 - V5 , to be rational? 

Hint: Assume' that -x -r2. , What does this say about /2 ? ' 

— ■ d S . ■ 

6, Show that ■ V5 is irrational for all positive integers p and q, 

"7, . Is it possible for ^3, ^ or ^ 75 to be rational where 

p 0 and. Sq are positive integers? ^ ' , . 



21-i|. Decimals and Heal Numbers . ' . . . ' 

•■t ■ ^ ■ 

• We have written our rational numbers as fractions- •However there" _ 

are advantages in using a decimal representation par.ticularly when we^wish' 

to find which of . two rational numbers is the larger. For exapaple, it is . • 

difficult to decide by inspection whether-^ or the' larger, y.^ 

But if we write the corresponding, decimals - - ' • 

•• • • ' ' ■ • ' ■ . , ■ ' 

■ ■■ ' - ' . |2 i.)alt2857 ... . 

••■ ^ ' ' ■ i^, = i.-inuiiii ... ^ , ■ ^• . ■• ■ 

.' ■ 99 , , 

. we. immediately see that the f;irst number is larger than the second. To •■ 
decide, 'it is ' sufficient to compare the first digits where' the two decimals 
disagree (in the example, 2 and 1 in the fourth decimal place).. ^ 
Each of these i^an examp.le o-: a ' non-terminating decimal. But 
rational numbers .may*'>iave teminating decimals .._^^For example, 



■ ^ 



-125 



. ■ ■ ^ • • . 

. ■ The non- terminating' decimiils which represent raLional numbers repeat , 
either from the beginning or' after a certain number oC digits. Thus •. 

• ' i - ^-^vf ... — - .*Sl8lS ... ■ 



3 



— = l"! 1 ] 1^ .■ .■ . ' T*= .16666. 
9 .... V .0 

We usually save space^by vr^iting / 



— - .lb 

11 ■ 



1 



; with, a bar over/the digit or succession 'of digits I'hat ^repeat.-: 



• For a given repeating decimal it is easy *to write the corresponding 
•fraction. First ve observe that * . * . . 



■ 1 
• 9 

99 

1 
999 



.1111 ... = .1 
.0101 = . 01 , 
.001001 . . . = ."ooT. 



TTow suppose that'" the gi^n decinxal repeats from' the beginning. Wei ■proceed^, 
.as in the follovin'g example. v ' 



TYJYjrj ... - 17(.010101\..) 



IT X - 99 



or more briefly 



.17^- if(.pl) = IT -J^' . 



given decimal repeats only after a "bad start" ^ ve folloiw-tlie. 
method shown in this example. • , ••■"'i,.'* ■ 



Since 



.12333... = .123 = .12 + .00333 ... -12 + .003.. 



•■^^ " 100 ^^"^ " 100 *^ " 100 .9 . ■ '300 ' 



then 



• ^ 100 300 . 300. . ■ 



Does the decimal- representation of ■■' y5 ultimately repeat? . The ' l , 
answer is No. If It did repeat? it .woUTd represent a .rational number{ari(i, ' . ■ 
we know that V5 j,S' not a. rational- number. . . . . 

• ■ .A . ^ ■ ' < 

V/e can -summarize th.e;*facts . about decimals as followed 



' — - — . ■. . . ■ — : > . ^ . • . ■.. . • .. •: \- • 

'Rational Numbers:' Teminating or rep'e atirig. tecAma^gi 



' I. 



Irrational' Numbers: No^j^pi-pil na t ing ? n- repeating . 



r 



What -does 'it mean* to sajT; that' a ^number Is. represented ty. a 'non^ 
terminating decimal? ' For example*, what does it mean to write \ ' 



3 = .-333 



where "the digits .3 go on forever? 

■ ■ In the first .place it-^. ■ ^ ^ 
Vm^ahs "tha^i •. ■'^.•.'^s between^ . V . ■ 



■o.:.i :2 \i .k .5 .6 .7 .8->5 1 



^;^;We^^noii^i^ [ .^i;^. /, -i^ .B .10, parts,-; 

■ •^ach bi* "length-:/ u^-that v. • ^ • . ■ 



ii 



Ai.3 



.3 :.}.>.'3i .3.2.;.33 ■,..3i»- -35 



-tti-itit^^r - ^t:*^^^ ■ . is; -divided' iI^to. ■^;LO '=paiSs ' "^acli, of .length .'^ll^^^ 



Cskitifiuiri^'-ln'^^^ the: succ0t&li~o^1^tei4^^^^^ / 



^,:.^^333- v33 3^ 
"and, -.so, ;o,ni 



- it 



^i^>|^klm^^ on intepals 

^4h;iik.)Di^..^^ ^ ^^^^^ 

7=; iirt^i^ais/;-5^^^ number • ^ 



^.^^ niomber line . " 



^Se^^ctly ■. :one ■ bpor<iin^t e ^- We;; c^^^s^ ^^^^^^^^S^^?^ 
'..the 'points -.mailed \0;,;^.i^^^^^ not, it; 



"On- the'-Qther- harhCL'^* .we; assirfu^.:^ 

: -.of 

■IntqrvaX whose endpoihts/;-: 

•■^re tnarte -c^K- '-'-r ■■ ' '^ > ''if ■ ^ ■ | 

^^egers:| 'for. exampieV:' '''U /'^^^^ : ' ^ , t 1 / ' 
•••the. ii[itervai /t^y, S^v/^ / 



might be one 

f ■ ■ ?t 

lies within an • . 



■I 



.3 



.Divide [2, 3] into the intervals. .'[2, 2.l], [2.1, 2:2], [2.2, 2.3], ... 
to .[2.9, 3]7 J' might be one pf the points of division (like- 2.3 ). If 
not, it lies inside, one the intervals. Continuing the subdivision we 
see that either one. of .two things must happen: 

(1) .' P' lies at a .point of subdivision; * » - 

(2) P lies at no point of subdivision. 

in "the :first case, P- has a coordinate which is a terminating decimal; in 
the second, its' coordinate is a non-terminating, decimal. Number^ represented 
by decimals, whether tehninating or rion-terminating> are called real numbers . 



, To summarize, every point on the number line has a real number coordi- 
nate^ and every . real number is the coordinate of a point on the number .lihe. 



■ Exercises 2l-k 
:Change the following fractions. to decimals. 



20 



30 



2 

1' 



-Write the following decimals as fraction 

.2, •.2> .^2, *.12, .32y, 
How can you tell without dividing whether a f/raction f- is 




represented by a terminating or. a non- terminating, decimal? 
What is the' value of 9 ="-9999 .. - ? - 

Consider . ;10100l6o01 ... where .each time -one more 0 is inserted 

Dp^ this represent a rational or-,an^ 



between consecutive L' 
irrational number? Answer .t.He.-.s'5..me questioh for 



.■123i^5'678910lll213 



21-5, The Accuracy of the ; Divide and Average Method 

In Chapter 20 we found that if ..a'and b are any .two positive 
numbers, the square of their average is greater than- their product. That 

is ' . ■ ■ ' , • •. . • ■ . • 

. , ,a+bx2 ^ , ' 

(1> (— ) > ab, ' ., , 



73 



7fi 



We learned, in" fact that 
(2) 



This ec^uation tells us by how much the square of the average exceeds the" 
product ab. ■ • ' ' 

Let us apply these results^ to the problegi of approxiinating ^ "tfiat 
we conpidered in Section 21-2. There we found two numbers -a = — and 



we conpiderea in bection c^i-c^. xnere we luuiiu uv/u uuiuuc^xo -a, >- ^ 
b =1 'between which . V5 . lies. I^he product of a . and b is 2, 

a4-'h QQ ' r ' 



Tlieir 



a+b . 99 ' 
average, -g" f 70 * 

From (1) 



arid therefore- 



22 > ^ 
TO ^ • 



22' 



A. square on a side ■ . 

•,as larger than, a square ^ on a . 
• side.'. ' If we knew the. difference, 

-22 ^1/2, between the lengths of 
the 'sides of ' these two squares^ ve could find ■ 1^. • We can think of this 
diff^ence as the error . e committed in using ^2 as. an approximation- to 
V2 . We write therefore • ' 




Although we cannot immediately ■ <;ind this difference (e)' between the sides 
of the^squares., we do know exactly -that the difference in their areas (area 
of larger square - area of smal ler- square) ' is , • . * ■ 1 



(22)2 
>70^ 



2. 



This is the area of the shaded region in the figure. In fact, from , 



(2) 



■ /a+bN2 , ^ / a-b v2 
(— ) F ab + (— ) 



we have, replacing by ^2 and ab by '2, 



,a-bN2 




77 



ana eo. 



Since a = t;- and b=-^. a-D=-=-- — = — and 

T 5 ■ . f 5 . , 35 • 



V2 Wo^ U900 ' ■ . . 

So -the- area- of the shaded regibn'.';( I .and 11^ . is exactly 



I 



r 



99 
70 



72 : 



i+9P0' 



/ I' /. 




If we move the region I to I* so that it is in line .with . region II, 
we have ^ rectangle with the. same^ area as the shaded region and. the dimensions 
e and (|§ +■ ^2) . , ^ ' . , . . . . / 



Therefore 

. : • / 



and so 
(3) 



70 ^ : 



Of courseNhhis ansvrer for e contains the unknown ' t/z." If iri (3)., we . 

■ ■ ■ ■ . . ■ ■ - 

70 



replace , V5 by' the larger number ^ , the dehorain^t.or ^ + v5 -becomes 



•larger and so 



22 ^ ^ 
TO 



becomes. "stnallex^ . Therefore 



e > 



■1 



22 u. 22 ^500 ,\ 
70 " TO 



-Since 22 , is close to V5 , the e5:presaion on' the right should be a rather 



good approximation to the actual 'errpr e. 



78 



and 



, Let- us find the right side in decimal form. 
' since i , = -.llf2857li+2857lli .vJ 



and 



Todivide by .99 we may. divide by ^ and then by XI, obtaining first 

^- ' ,.000^6507936507^9 ^ . 

■ and then, finally,.' ' . ' " , . ^ ' - _ 

00007215007215007. ... - ■ . 

^..If.we subtract this ■appr.oximationto ■ e .. from |2- ^e" should get a very good 
" value for >^.': ( slightly too large.' Why?). 
■Nov S| = i.UlU285711*2857 , - ^ J ■ ■ ' 



Then ■ s a. 1+11*285711*285711*28 ... - . , 

■ . - ■ .00007215007215007 .... -■ ' 

I.i+lit21356'i2l356'*2l ... . . 
Actually ■■•f.= l.'+l'*2.13562373095 ..• ' ', 

Volrrect to' 15 places, so that in fact our .estimate gives correctly the . 
first 8 , decimal places ! ■ It. is possible ;'to\show that Our estimate has . this' 
dekree of accura.cy.,.without knowing , the value "of . i^. ' ' .V^ 

Specifically i-e-Jurns out that if ■ E is the estimated value. of the . 
'• error ,e ' (.00007215 . ) the difference (e - E) » vhere^ ,\ 
•m«= 1.1+1 '*2857- This works out' to be about 2 in the 9 ■ decimal, 

place. - . ' .,- ■ , 



: Exercises 21-^ 

You learned in Section 21-2 (Exercises 2'and 3) that 'Is between 

1 and b . ' What Is the product of . a and b? What , 

is their .average m? • Write .tn- as a decinia;L to 10 places. Show 
that the error 

. •- • e:=.m - v3 'j*^ — ,x — 2 • . ^ ' ' •■ 

Write the product of these three fractions as a decimal (to, 10 
places). Hint :;- Start 'with thedecimal for divide by 7. and 

then by 97. Estimate V3 by subtracting your estimate^ for ' e 
•from m. The correct value to 10 places is fl- = -^rO320508075 . 
How jnany of -thes^ places , did you obtain, correctly? 

/in Section 21-2 (Exercises ^ and 5 )' you found that 

. ■ ' . 20 ^ ^ ^ r': ' 
20 . '9 . 161 . 

The average of ana is ^ . - . ■ 

Change this fraction to/a decimal (to .10. places). .. V. V ' 

Show that the error ' .* ' 

Chang? the product on the right to' a\ decimal ( 10. places) and , 
subtract, it. from the decimal for ^ . ( lO' places). . Compare •■ 

" your- result with ' " " . " » . ■ ' ^ ■ ' 

. ' 2^2360680, ■ • ■ 

which is; -correct to 7 places./ ■ , * ■ :• ^ 



77 



21-6. • The Square Root Bimction '- ' 'y ■ ' \- ^ 

"Let us turn now. to the properties of the square root function, that 
is, the function f wh'ich takfes a number into 'its square^^root; . • 

f ■ .• . • /' ■ . f : X — > 7x. i * ^* V . ■ _ 

Whatsis the - '.doTnain Pf-" That is, f or what ' valu^Sr. of. ^l.x is -there'., 

a square root?-/ .Do all-^' positive niimbers^ have ^scj.uare/ roots? 'Nov^J;that ve^ have 
introduced, irratiohal numbers as veil as' rational numb^; we, Can answer.;. 
Yes..' Before this we could not sensibly taik .even about - \ , 

•. ■■' Is Q. ..in the domain of/ f? . Does ; Vo ' exist? Yes.; ■ In. fact ^ ■ 
-7o> O./since 0^ = O X 0 = 0..:. / . . • * - . .^^ 

■*\.Do negative numbers have square roots?' For example,*^ can we give any 
■ meaning *'to the square root of ^1? 'Certainly not/ using the' numbers that 
we know about. For, let • ■ . , • . . . 



where, a is any real number, positive, negative or Q*. Then ■ ' -. ' . • 

But 'the ' square of any real number is positive or 0.' There is no. point on"; 
. the number line whose coordinate can be squared to give -l' '"or any other- " 
negative, number.* ; r ' ' ■ ' " 

■ We can now say that the domain of the square root function ■ f is/.the.^ ^ ' 
^et of .all non-negative real numbers _ {x': X'> 0] . ' . -^il; 



What is' the range of ' f . " - That is, -what is the set of all pos^^^t^ep^r^^^'-^ 

. ' lumbers which can be' sqiiare roots? H^re we must ;t)e careful .because ev^y^rt^yr^^^^ 

■ ■ '■ ' r'""***"** •■• " i 

TDOsitive number has t^wo square roots. For example, U .. has the square robt 

2 ''^. arid also; the^ square i^odt -2. 'In fac^J: 2 = U ^ and ( -2 ) = h * 

..Of these twO' square -roots , ''the positive one is the more important ■ for 
* ■■ -J ■ ' - "r — ■ ' ■■ - ' - ^ : ■ . 

most "parposes. The symbol V is used to name, this, one so that we write, • 

■ ■ •■ * . ■ . ' " - 2 * * . . . 



buii not ^ t/5 = -2» This is an agreement about the. way to use the symbol 



. AsVir,ou 'go c^' in mathematics" you* will learn ^bout a new kind of .dumber/ ■ For- 
■■' th^s'new ^ind of number, it is possible to^ give a meaning to 



7.8, . • 
y 81 



iT^,'- ' it is a matter;. of convenience. " Since ve do '^not wish to-be ih any 
.doubt 'about :t he meaning-, of ^ the symbols that we use, - we agree . j:hat " / . 

• for .exaiaple, denotes a pa;rticular c'hoice between the' two possibVe squared, 

root^ (the .nbi:>-. negative one). ■With. this dinderstandi-hgy. Vx' >.0*;' The - 

rahige of ,,''f " : x -^'•/x^ carf. include no negative '.numbers .- -It. doe^^ include • 

■0 arid' all positive numbers' 'b, -because to sajr that -b. is the square- roof 

•■ •■ •' ■ . '. . • ■ ■ ■ , ■ ' ■ ■ ■' 2 ■ ■ 

of *a .number .. x, that is, that . b = vx , •■ is to aaly. that y. \^ .h Given; . 

b j the-, x' of whiteh it is the squa^re root, is- foundry ^squaring ' bV 

,' • What doe^ the. graph' ot 'y = -/x". Y- • . . . . ' • ^.'^ ' 

look like? We can easily^ locate- the ^ 
points (O^. OL- .(i; \)/- (2,..'{Z)y . ■.' 
{3y:^y and / By-;, drawing " '.' 

* *a smooth ' curve ' thrbygh ' thes.e pQi'nt s... . - ' 
. we get JEL figure like' .this. ' ;No.te' that 

there are rK) point's vto. the^ lef^^ of 
x"^ O'.andyjione below the 'X-axis..-, 

Why not?. • -v • - ' _'.\ ■ 0 . 1 ■. ".'■2\* ' 3". h 



' -. . -i.t aoo"ks- as . if the ^raph a':i.ways. rises a^. we. go. frpm left to right. - 
Thi s\ means, that . if we choose two/- numbers ^a 'and* •b'''!^*<(a>tli^ - . ' ' 

■ ■ • ■■ ■ . ■ \- - ■ . a <-b . ■ • ^ ' r . '■ • . V . ^ 

then ■ . • ■ ■■ . ■ ■ \ o ? ^I^:- ■ . \ . ' • \ 

(Of cours'e, we 'flius't have a >' 0.. - .V/hy?) ; = " ■ • , ■ .: ■ 

13 this, necessarily t.ruG?' . The answer^is -^^'Yes . . First Ve^'will- prove: . 
if /b~ < then, -b' <■ a.' 'Tliis result will be needed.; ■ - . 

-Jp yr.-<,.Vp^/; ;, --' - _ : ■ V Z r ' - ■ 

■' t-hen ; "' -/b^' /b .< /a Vb "and. .-/S'* ^by^ Va \ Va.'8^(Multlplicatipn\PropQrty^ 
• _■(''.; . "'■ ■ -of -Order) '' 

Henice' " Tb • /b, "< Ife.- -v^ ■( Titans it iye 'Property of Order) 



or: . V, (Tbr < C^)^^. 



(-Definition ijf squa're root) 



Therefore '.•■.'b,< a 
Now if ^^^wei'GL not less .than • -/b- when' . a-< b> then* o.ith^r' 

.r:' ■ ■ ■:. - ya.= Vb ' . - 

. '. ' . i 

or ' « -.v • -/b <."Va-, 



lb * the r s t case ■. we woul d * c onp lude t hat.^. • a . .= ,,;^v; i !;i tlie ^ s e c ond /case, . that 
b <■ a". Since.. ve. were giver; ',th,at a; < b, , bojth ,.cif these^ c"c3rhclusions are 
false.. TTierefore,, the correct. conclu,sibn- iS' %^^^fr^Sij&/d''-< b-. y.. Ta^- < /b". 





■ ■ - • ■ ■ • .■ ■ - ■ ^M-W 

We "xian now say with assurajice that the function • ^ll^.^Kr' " . 

• . f X ~> Vx^ .. • ' /■ 

is an inoreasing function - fiver it^.-whol^^^ {x : x > 0], 

It also appears from our i^igure. that/the g^^a^ph becomes less*. steep 

as we, go from left to ri^t. . Consider the-r^fi^ect of an increase of x by 

1. . If x increases from 0. tp'^ 1, ., /increases from 0 to 1. Now 

if X increases from. Iv to 2 yfv^ " increases from 1 lo that is 

■ . ' ■ \ ) — ■ t'- 

^.<'6f >'5^om.x = ^9- to x-=50> increases, only 

bfe=^ '7 = Let US' go out on our- graph, to larger Values. 

&:h''is • -/iq^OOl - VlO,OOG? How much is 
•060,000? The^ivide and' aver^ge^ method will tell you. 
in ' Vne ekeicisefe you ^il^ asked to* show that the answers are approximately 

65 and .Q005.« ■ ' So we see that 'in.i:act ' the graph becomes. less and less 
steep as x increases. ' . c . : 

^j^-.r". Exercises 21-6a ' 

. ^ , " ■ 

.1. Estimate ' Ao,001 by , the .divide and average method, ^and verify that 

■ . .. • ' Wio.ool - Vio/ooo . - .005. 

2 . * Estimate . A, 000, 001 by ' the divid^e and average method/ and vveiji^y'^^^ 
'■ that . , ' \ ' 

^ ' ■ 71,000,001 - /i, 000,000 ~ ■ .0005* 

- i ' . /. ' ' ; , - 

' ■ * • ^ ■■■ ■ 1 1 ■ : ^ . . - • 

.^3.- -.- Show that ^ = 'v^^TTTT ^ iTT" . Use this result -.^ .- 

■ ' with, a = 10,000 and V = 1,000,000. * Contpare the result with,*^' . 

Exercise 1 and Exercise. 2. 

■ U. From the result ofLxercise 3., show that the increase (Tife'- ^) 
■ • ^' ■ .can be mde as smal| as you pleas by choosing a suf f iciently^larg^ 

^ . value of a. For Example, make -/a+l -Va"- less than -.^^000,000 

~ V.'by choosing a large enough. ■ ■ ' . " ^>><^ . • • ^ " _ 



What is the conriection between multiplexing khd\taking . the square, 
foot? • In 'particular, is it true, that ■. " ' ^ * - ■ : ^. ■■ ^ ■■ 

■ ■ ' ^a x ,b ■ = Vi7 X Tb"? . ^ . • ■ " ■ ■•• 



^.L"et us experiment . 



a 3 



^ Exercise 21- 6b . ' . 

' •• (Class* Discussion) 

1, . .Test truth, of ya>OD- = Va X Vb. . • for 

i .. ^ . • • * a = 1, ■ b = 1 

a =-0,*^vb'= 1 . ; ' 



a = 1, • b = 2. 

a = i+/ b = 9 ; . / 



Our tej^^*-are favoVatLLe, but of course^ they, do not prove that the ' ^ 
.'^.tement is trlie ^^; ^!rsJnon- negative values of a and b. Even with 
th/ restriction of '"aVand - b to whole number^ the claim that 

•is true includes an infinite number of .assertionsi No finite set of examples.- 

. .: '( V • . ■ ■ V ' ■• * 

coulc^ es^abiish this claim. ^ What we need is. a -general proof. 

io .get arf' idea of how; such general ;groof could be given, consfider 
a more d,ifficult special' case: than we h^ve had so far.' ; . ■ 

Is /2 X 3 = >^ X f^o answer this,, ^e could calculate 

ati^ >^ to several^decimal places to see ''whether the results 
seem 'to^agr^e. This is not' a good idea. . Why not?- ■■, 

In the first. pla^, all that "we* could show in ,^1iis way is.' that 
/2 X.3 artid \^ X- /^:|gare approxinlately equal^ We •wc5uld not be suj^e^that^ 



t^ey 'are exactly - equal, ^re. imptfJrtantly this :proof would give us no .clue 
about how to, proceed in the general case^ We* czannot hope in this vay to ^ 
chfeck our statement for all , a and . b. . ■ / ^ ' , • 

■ ..■ Let us fall ^back>on the idea of a square root, that is, on ,yhat we 
mean by th^e square root of a number. To say that.^^'ome' number is 1/2x3- 
- IS to say' that' the square of this number is 2 X J. p^.J^ then it is true* " • . 
that * ■ " . ^ ' ■ ^ . , • ■ 

: ■ . 72* X j = X 73", ' ■ . ■ ^ V. 

. then it must be true that ■ ■ c ' 

■ ^ • ' (^-X '^'f = 2 X 3. ' ■■ .' " 

Is it?' HoV' do we square a/ product? By squ;aring-each .-factor anii multiplying. 

■'^ : ' ■ ' . ^ ■ ■ ■ 

■ • T » ■ • * , ■•.•• 

•■ . * ♦ . ■ , . . I, . ... ^ ^ 

•V ' ■ • ■ " ■ ■ fl ■ . 

. ■ ■ '84- ' ' 



So" X -/Tt = i^f X (/rf ■ But ■ i '^/rf = 2 and ' {/Tf = 3, . • 

again using the idea of what a sqiiare root means. So our proof has a happy • 
ending. ' ' ' . ' , - ■ , ^ 

Kov we can»generaiize to ,any non-negative- a .and b. ■ Is . 
ya X b =. -/a^ X 7b"? Yes^ if and only if . ' ^ • " ' • 

(*/a" X 7^) = a X b. : " • ■ 

But (7r"'x Vb~)^ = (Va~)^ X (7b")^ since the square of the s-^c^^^^^ of'any. 
two numbers is the product of their squares. ^ , 

Now've'are almost done. (^^), .^'a and (/b ) = b inrom the ve.17 
, meaning of square 'root. Hence • ^ ■ 

: ' (.7a" X /b') ^ ^ ^ 1^ 
as required. . * - . _ . . ^ • '' . , 

. In the next sectioa w^^-^igTLl find hov; ver^ useful thisjvreBult is. • 

'"•Exercises 2T-6g . ' 

1. . Show that 72' X 5 = 72";x' 75" patterning your argutnenj^^ that given 

for 

2. . ■ Show by examples that it "is not always true that' 7a + b ^ -JsT + 

Show that TTTT = 7^.+ 7b" ir 'a =. O 6v b =^0. * Now sh&w that 
Va + b ■= 7r" + 7^ is true only if' a- = 0 \r,. b = 0 (or both). 

Hint : Square both sides. NcJte that , 

r7r" + TiT)^ = a + 2(7r" X ^Tb:). +.b. '.' 
.» ■ ■ • I ■* 

' ..Show by a counter- example that'.Mt. is not aiv/ays^ true that .. ■ ' 



3. 




' . ■ 7a - b = ''^^EJ^^y^f^^^'.^ 

Could it ever be true? 



Is it t^ue^that • ^ ^ positive' a/ and "b?.^ • . 

Testvth^tatement with p^icular numbers^^' Th^n construct a general 
proof ^following the examig^oT 'the^ one 'in. the text. 



Simplifyinp; Hadicalg •■ ' • . * 

. If ve were xeq-uired to find t.has square roots of the integers, from 1 
to l6o,_ ve would notice that for the perfect ^qiiares 1, 9, l6, 

25? 36, h9, 6k, 81, 100, the square roots are inteeern which' can be 
written at once. In other cases,' we have .the' divide an^l , average method. 
Nice as this method is, it does take time; and it would -b^. ple;2£^ant if there 
were a quicker \7ay. . Actually, in many cases, we can use the- fact that ■ 



• ^a X = Ta" X /b~ 



to simp lify the computation. . • • .■ . , . 

For exampl^, we 'can write 

yi2 = vh X 3 = yir . X ^/T' - 2 x /t. 

Therefore if we have already computed . 

■ ' *^.'.= 1.732 . . , • • 
we know at once that - - ' ^ 

■ ;yi2 = 2 X ( 1.732 ...) = 3'^^6h ... 
Similarly, . , . 



1 



i y2S X 2 = X 

.^^-■^/(.i-.JiiJi- ...y 



/ 



7.070 ... 



•*(Actually. y^O = 7.071 ..:.-) 




_]^n' th^sp pxamples, it waG possibl e' tlL vrite the number under the 

radical sign ^{/^ ) a:^' Tne) -f)_roduct of integers, one ol^ wh.i'ch is /b, perfect 

square. " ' ; ".. « ■ ^ « . 

•■ ' ■ ■ ■■■■ ■ . • q'. • 

. - • ■ • . Exercises 21-;7a . 9 . ■ ^' ' 

■ ■ ■ a 

■ » 

L . 

1; • How many integers L'rom .1 to 100 incl usive, are ei^ther perfect - 

squares or contain perfect squai'es as factors? List ^lese integers-. 
omit1:ing the 10 ''perfect: scmares* given in the text. Plow'many square 
roots remain t^ 



Suppose that we.h< 




from' r, 



100 



t of the values of for all integers 

How could v;e' fin^l a list pf values for ^lOOn ? 



^The theorem = ^ x TT ' can^.'^e. used, in ^thei> cases .to ,reduc:e 

: the amount of arithmetic. Since 

■IT ^ ^ ^ /J", . ^ • • ■ ■ : ' ' " 

if\e already flnov ^ and ' TT, we can "multiply .them t& obtain a decimal. 
' approximation (o TT. ^ If you did Exercise 1 correctly, ^ou found that xn 
■ . the list of -values of ^ for n = 1, 2, ... , lOC^ .thP^re remain 6Q- ; 
Square robts to he calculated'. Actually we need 5nl4^^ th, square roots of ; 

the £rime numbers. AH other square roots can be foUnd .from this list«by • 
■ multipfying. For example/ . • 



There , are 2U primes less than 100 '%hose square roots need to be .computed 
■■ . The following tab'le 'includes the square _ roots , to i decimal .^||c^ 
of the integers from 1 to 100. 
for square roots that are needed. 



Hereaft-^r you may refer to -tihis tS 





Qk 



S7 



U 1 



A, -jf. r 



••SQUAI^ RQOTS/,OF"imEGERS^>R 100 ' 



■ V . 



L PLAGES 



■ Number 

L- • 


■ Root;;;!; 


..- Number" 


;■ ; Root 


TT" 

. ■ Number 


' Sduare ' 
' ,'f.fibot , 


VNumiier. 


Root ■ 


1 '. 


i-. ooo ■■ . 






51 [ 


7.liH ■ 


. ■■ . 76 


8.7i8.-. 


.2;' 




ST,' "■ 


.\ 3. 196 


..,52 ■' ^' 


v' 7.211 ,. 


77 


8.775 


3 . 


>- .l-.732 : ; • 




> '5>292 ;; ^ 


.53'.; 


7.280 ■ 


■ ' 78'. ■ 


■ 81 .832 


• V- 


; ; 2 /oo'o'*; • 








.■. 7' 3^8 ■■' 


79 .'■ 


8l888 










■ ^^ 55. 


:.'--.7-^l6 . 


■ 8pv 


■8!9Vij- :' 






' 'z ?^^ . 


.-.« ■ 

5.^68. 


■.56:'' . , 




. Bi'--.- 


■9.6oo 








-5„,<e5'T; .i- 




7 , • 550 .; ■ ■ 


■ ;:82' .' ' 


.9 . 055 ,:■ .■ 


v 








/■■..58i:-:.^' 

, -.'7 h* . 


• ■ 7 -.616-. ■ : 


■ v83fv: 


' 9.110' 


r:^v 9 i; 


;3/Qbd' :. 










■-.■:-.8i+.'; 


9.. 165 : 


1^..io- 




; ;%35: ^' 


■;,;5Hi4.". 






;'.^85--. 


9.220 






[• '36 


."'■,.-6;.000 ^; 




;'. .7 v'8.lO;-.; ; 


■ :'; "86 


9.27i+ ; 




" 3.i+6ii>-' 


I ^ 37 


/^^p83 ; " t 


'-^ •■^S'^.J- 


.■;:t.-'.S7i{:/. 


: ■ : -87 


■9 ..'327 




3;6o6. ^ 




'■.a6.l61i.i," . 




-n^sy., '^^ ■ 


■ 88..- 


:9-38i:' 






- '- 39 .^ ] 


•J.2# 








■',9'.>3i+' .. 


15 




' • i+0 f' 
* f \ 


y6.325 




^■}8:d62;'' : 


■•90. ■.■ 




» . v'v; i6 


i+.ooo ■ j 






■ '.";;,66 


'■'•■■;S.42ii: ,■' 


9iu.;-' ' 


,;^3'9.. 


17 


i;:.i23 


. y X . . 


'Je.hs^: ;: 




■:^■S.l8^^.■■ 


:'/n^92.- '■ ' 






i|.2U3 


•4 >3 ^.-^ 


'6 •557 




.f /a^s.i+e: 


■f ; ; .93"' 


.9<6i;4 :[ 




■ ^.35.9 


■ • 






.•";-8,-3q7 ^v. 


•,.■•"■■■-'5^'.:^ 






k..k72 ■ 




■ .6.7bs.' ;■■ 




■■\8..367 


' ■. 95 , \ - ■ 


■;9r7% ..' 


■ :■ 2-i- 


^ .i^.583 . 




■6.78a 








9.798 ■ 


■. : ■■22' ' 


' i+.690 




\6.'85£;: 






■ ■■97/-''; 


.9.8lf9 


.■"■23 


■ I1.796 




• 6.928 . 


73 , 


■■■ ■8-:5'^V:. ^ ■ 


■''. 98 _ 


.9.899: 


;2V- 






■..7.000 / 




•; 8.'6pe . 


. 99 


■9*950 




5:000 




|;>.cr7i.::., 


.'■.■.■■^^■V:V' 


•8.660 . 


100 ■. 


10.000. ■ 



/ 



r 

V. 



85. 



,S8 



■ ■ In ■each of; theV#%itwin|{^§^ •■, 

^_ ..lie'prpd^tW'^vi^ie^^^;^ ':^0?;;-^n^.^ p^i||ci square. , 
5?tirr^calculate. the! s^j^V^^'i^bp^^^ the. text.. ^«^r example^ . ;,. •;• 

. ■ ■■ ' ■; . ■•-^ ( ■ ■ , . ■ • ; • • 



•": . -..as'- the 



,1. . ..VSopO- 



to calculate 



2 



= )..555. 



■.■8lv5. 



12! ■ . .C^.'-' 



/ 



3 ■ 



Suppose that we vish'to find . We my use , our divide and . ' , 

av^Sage method.- Beginning with 6 as. a first approxitoaUon ( too large) , 
.v;e,. compute- ^ = ?-T ' and average to obtain 5.85; We could, of course, 
■ -rieat this' process' to' £et greater .accuracy. Hovever,. 'there is. an alternative 



ERIC 



method.. We know from ..the -table that ; . 

■ ^"'■^■735 =: '5.916 ^ 

The increase of n ^ f rom 3^.- t'o , 35 "is.l. The corresponding increase 
in -/rT is ^ ^ . 

. ... ^" ■ 5.916 -.S-Ssr - -085.. *^ .. '^.0 
3h.2' is. .'.2 or' ~ of the-vay from 3^ to.. 35. Let us assume. that the > 
required* result for 73^72 is about of the way ■ f rom 5 . 831 to 5:916.... 
This gives ■ • ,. " ^ , " 

5.831 + ^ (.085) .= 5.831 + ..017 = 5.8^8. 

(The correct value of /^h^ =-5.81+8077..* so actually ve are fairly 
close>:) This method, called, interpolation , is based on the idea that ovei 
a short' x-interval the graph .of y- i/x' is nearly stmight. 

, ExeJ^cjrses 21-7c 

Compute /83.7 by two methods ; divide and average (once) starting 
with .9 as the first estimate^ and interpolation.. Compare the two.- 
, results. . " ^ " ^ ' 

If you use the divide apd averages method is the' result too large or^^^^^^ 
too small? ..■ • ■ ■ V . ^ \^ 

Can you show th^t the interpolation method givps a result which -is ^ 
always too small? _ . 

Hint: Is the graph. of y = -J^ above or bf?low a line Segment '( chord)^ ^ 
joining two (ifiN its points.? ■ ■. ^ . 



1. 



■ - 1^ 



21-8. Some Problems " - ■ ' ^ ^ , . ' * , 

V/e' started t*his %hapte,r by asking hbw far it'-is to, the hoi'izon A^Om 
> o'* ^ ^ . : . ' • ' 

• a point* on 4:op,of a'mountain. V/e answer.ed this question by findirjfe one side 

of^'a right^riangle, whose other, tw,o^ sides are^known.^* We 'uged the Pythagore; 

propertyjs^f right, triangles, and ^ere • le^ "^o c5nj?ider ^^w to find 'square >^pts' 

NoH' tha'^/.ye- ka^ rhoW'.!,9 do thisj we, are prepared, to sol^ve many other proWem? 

which' leai^'to sd'Uare rootsv Most, of thes-fe prol^lems afise from the n»ed to* 



Sr 




We give some e:;amples:, ... . 

Example 1 ' 

. '' On a- street '25 feet .vide ^ 
a vindow ' an;'one' side of the' street 
is ^0 fdfeii^stdve a window across 
the street* ■^Ih'case of fire^ how 
long a^ ^.adder would, it take to > 
reach ~£hoTh one win flow to. the other? 



. triangle. 












w 

•= 




X ft.. 












ho ft." 






ft. 













.It is cl^r from the 'figure that ' we must find^the value of x where 



- 'x^ = 25^ +>0^ = 222% 



So 



. ■ - X V2225 - 5 r 

Using the table we fir^d that " /.v,^^'.v 

X - 5 X 9-^3 = ^T.15* 

Example 2_ ^ . 

A circular cylinder is "to - . 

..be fitted tightly into a ho 16' 
which is bounded by an equilateral 
triangle with, sides 2 inches ^ 
long. What must its radius be? 



;fV-l" 



• Solution : The figure ^hows a • cro.ss-s^ipn of the hole and .the ^cylinder. 

A perpendicular^from E, the center p'^he circle/Msects the base AB. 

The triangle ADE is^ a right trianglje wjhich is half "of another equilateral 
:tr^angle 'AEF. - ' 



Hence • AE. = 2DE = .2xv 



Then applying the Pythagorean 
.property to triangle ABE 

(2x)^ = + 1^ 



=■ X + a 

= i ■ . ■ 
1 




10 



or, more aqcurately 



Exercises 21- 



The- students attending Lincoln High School have a habit of cutting . 
across a vacant lot near the schaol instead of following the sidewalk- 
. around the corner. The lot is a rectangular lot 200 feet "by 300 ■ 
• ^ feet, and .the short-cut follows a straight line from- one comer of 
the lot to the opposite corner. How long^ to the nearest footy is ^. 
the short-cut.? 'How much walking do they-, save "by taking the short-cut? 
If the ground is so rough that it takes 25 °/o «longe'r to walk 
loo feet of path than' 100' feet of sidewalk, do they' save any 
'time? If so, how much? 

A' fourteen fool?' ladder rests against a vertical wall,<'the foot of the, 
ladder "being selyen feet from the base of the wall.' Determine the 
height, at which the ladder touches the wall. How' close an approxima- 
tion would be reasonable to expect in this case? ' ' • 

Tw6 roa^s cross each other at rigjit angles. .Two cars are a% the ' 

cross-roads at noon. One is go/ng at 50 miles per hour, 'the other , 

at 65 miles per .^hour. If each ^ar maintains its apeed, how far ; 

V. are they apart ^.'(dir, line) a^^5$a^2 p.m.? , ■ • . ; 

\ ■' * ' • . ■ : . 

' . In the previous problem assume that the- first car is at the cross^ 

^roads at noon and' the other cdr reachps"' the cross-roads at 1 p.m. 

. How far apart are the cars at 2 p.m. ? , 



A baseball diamond is a sqmre 90. feet on a; side.-:; The 'pitcher's 
mound is i about .60 feet f rom hom^late on^ the line joining^home-- • 
■plate and second, base, • > ^^8P ; 

fa) How far' is 'it from home plate to .second base? • ^. . 

(b) How far is.it from the pitcher's mound to lirSt base? 

(c) . If the pitcher has a choice whether' t97;th row ;to first, second 

or third, which .base should he, choose? -J . ' . 

. Find' the altitude of an isosceles t^dangle with base 12 feet and 
eqviar. sides of leng^rh .17 feet, . / 

A. regular hexagon. (6 sides) is inscribed in a circle; of radius 5 • 

feet- What is the perpendicular distance from the. center to any 
' . • • ■■ ■■ ■ . ■ ■ . V . . ^ 

." side? ■ ; ' i - . ' ■ * 

. ■ ■ ■ . . . . i * ■ 

A regular hexagon is circumscribed about a circle of radius 5 feet. 
What- is the perimeter of the hexagon? 

A certain pyramid has^ h faces, each of whi.eh. is an.^equilateral 
triangle of side 2' inches. 
Find. the altitude of the 
pyramid. 

Hint: In the figure, what' 
kind of/h triangle is AEF? 



What 'is AE? 




m, A. ball Is dropped, from a height of 95 feet. How long does it take 

■•. ' to hiHi'the ground if the ddstanbe x . feet, fallen in* t . seconds, . 

. ' ^ 2' ■ ■ ' '. - ■ ' ' 

■ ' is given by 'x = lot ? - . " ^, 



21-9, ' Summary ^ : • 

. ' it i^ i)roved that the square root of a positive integer n cannot 
be a rational number uhless n is a perfect square. We can however use a 
■ rational number a to approximate Vh" and then bracket Vn -between 



a" and b = - , A better estimate U obtained by'averaging a ' and" b.- 
a " 



a + lip ' ' 
Thi5 average, m = — ^ — , is always too large tmless a = b ;yhich is possible 

only if n is a perfect square. * ' ' . 

' ' By., using m as a new estimate and dividing 'n^,. by mV " ve bracket 
vii between - m and — . ^ Averaging- again and continuing the process ve can. 
approximate //n~ to any ^desired accui^cy, •. ' . *• . 

Instead of repeating the* divide and. average 'process^^^ve 'can 'use' the 

estimate ^ ^ for the error made in replacing /rT- by the averagfe 

m cff a and b. . If ve subtract this estimate, fi^om m 've obtain 'a/ Very 

accurate estimate for .Vn7 when , ^ ^ ^ ' is small (say .02 or less), 
ft . 

The domain of the function / '. • ' " 

•v , f : X -> -/x". • 

is the set of non-negative real numbers. The. range is the same 'set'*.. 

increases 'for all x in the domain but the rate of increase becomes 
less as X 'is increased. Calculation of '^square roots is. greatly' simplified 

by using the fact that 'for all posi.tive numbers a 'ajid b, 

■ • ■*'';..-■. * . ■ 

■ * " Va X b = TaT" X 7b~ ' ' % 

and ' .** ' * * . 



a 

b 



V/e^review briefly the meaning or non-ending decimals and recall that 
_ the -decimal representations' of 

(1) rational numbers either teytmina-Ee* or repeat, 

(2) irrational numbe'rs jjeither terminate nor repeat. 

.The set of* real numbers includes the set. of rational numbers and the set 
of irrational numbers. ' ' ■ - . ' 



